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PREFACE. 


_ HE felling Piece is an Extract, from a defignedly 
5 much larger Mort, containing only ſuch Mathematical 
Diſcoveries, as 1 have good Reaſon to believe can no 
| where elſe be met with. And as ſuch J bepe they will 
not be * to the Learned. 
The Inveſtigation of the univerſal W in the ſecond and ferrth 
Sections, I take to be D e entirely new. And their Application 
(in the fifth and fixth Sections) for * an infinite Series, and 
meaſuring the Arch of a Circle, is a ſufficient Pro of their Excellence 
above any Invention, that I hnow of, for the ſame Purpoſe. 
M bat follows relates wholly to the Deetrin of Ultimators, which de- 
pends upon ſcarce any Thing elſe but a due Application of the Cypher © 
to the analogeus Office in Univerſal Arithmetic, which it is aways 
known to occupy in Common Arithmetic. As that Character is here 
diſcovered to be of the ſame Uſe for determining the Ratio of different 
Quantities to ene another in their Ultimate State, which is made of 
it for aſſigning to each Figure its proper Place in abſolute Numbers. 
From whence will abundantly appear, what good Reaſons tlie ſaga- 
cious * Author of the Analyſt bad to 'condemn the foregoing Methods 
for the ſame Ends; bew malapertiy ſeever that Wark bas been ra- 
tber cavilled at, than judiciouſly pk Lee, by. any. 
It is here demonſtrated. that every Eguation, according to the Condi- 
tions it includes, has a certain Ultimate Limit, wh:ch its unknec:: 
 Nuantities can by no Means either exceed, or fall ert of. A Preperty, 
which (bowever beretofere unknown, or, at leaft, not ſufficiently con/.- 
dered) is as eſſential to theſe Quantities, while under ſuch Conditions, as 
Extenfien or Diviſivility itſelf. And the Determinant ef this Limi?, 
 whied (till a more proper Name be found) I veg leave to call an Ulti- 
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mator, 7s the very ſame with what has been fliled a Differential by ſome, 
aud à Flux ion by others. Beth which laſt Terms ell be diſcovered to 
be much about as expreſſive of the true Meaning of the Thing, as the 
Scud of a Trumpet wou'd be to _ the Idea of Scarlet to a Mun 
burn blind. 

The Name Differential Þ taken in this Senſe, is þ wed 16 imp! by a fo 
Cortrodiction ; and that of Fluxion the ſame Way applied, can prjjib!; 
have no Meaning at all. For pray what Kind of Meaning con br 
made of ſuch unintelligible Jargon as this : 

« Je are taught, that tho' Fluxions cannot be called Quantities then:- 

feldes, vet they have the Ratio of Quantities, Aud, becauſe t is im- 
0 {ft ble fer any one to underſtand how Thi 18s can tore the Ratio 7 
© ore arthcr of Quantities, without cenſdiring theſe Things at the 

© ſome Time as Quantitics themſelves, ard force Way the Sußiecto of 
* Extenſion and Divfſibility; therefore to make us un derſtand thi: 

* Ratio, zf is ſaid to be that of the firſt naſcent Increments, er 1:it 
< evaneſcent Decrements of a Quantity. Tat is, acc! ding to tis 

& Explanation at the ſame Time given & theſe Terms; It is the 
Ratio of an Increaſe without any Increaſe, or of a Decreaſe with- 

© cut a Decreaſe ; and all this perform'd in Tinie and no Time by 

n Motion and no Motion.” : 

Put the fupcrlative Imprepriety of the Werd F luxion, cen of plic d 
to this Purfeſe, will fully appear; en we come to cmfder, that 
it is put to expreſs an Idea, cbich ariſes frem tie Content ictics 
of Quanitittes purely as Quantitzes : that is, in the ſame abſtrac? 
22 er, as they are the proper Subject of Algebra, exclu/ove of 
every. other Cor -federation ; and conſequently Lade net the leaſi Re- 
cord to Time cr Metion, which are neceſſarily implied in a Fluxion. 
And the Hential Preperty of 4 Fluxion is certainly excluded, after. 
te mol ns gular Manner, in the Idea of a Quantity conf: dere at 
its Ne ius ultra: lat is, in other Terms, when it is in à State, 
where % P bality of ſuch mmaginary Flux is takeu from it. 85 
that the Term Fluxion, when uſed to this Purpiſe, if it have du 
Mearing at all, is as contrary to the true, as Darkneſs is to Lig!t, 

Such are the Abſurdittes, *:hich muft neceſ/arily fellew from ab- 
ſurd Principles. And no better have been the ; Er went cf tho;c 
who were cherwiſe the moſt intelligent Perſons, «chen they <tr 4 
make us under ſland, what they cannct 2 fand herien es. For 


See Page 30, 37, 49- 
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fach ] affirm theſe Notions of a Fluxion and a Differential 74 be. 
Things, which can poſſibly have no Exiſtence in Nature: But ſeem 
purely to have been brought into the Imagination by a mixed Mul- 
tiplication of finite Quantities and Indiviſibles together, according 
to their ſuppoſed Generation of Magnitades ; which accidentally threw 
the ingenious Inventor upon thiſe Conſequences, that naturaliy fab 
from the Reduction of an Equaticn to its Ultimum : Mbile, it 7s 
plain, be in the mean Time had not the leaſt Suſpicion of the 
real Foundation, upon which his own Superſtructure mujt rejt. 

I am not unapprebenſive, what a Reception this Performance in 
all Likelihood will meet with from ſuch as have been long weaded 
either lo the Notion of Fluxions, or Differentials. It holds not 
only in Religion and Morality, but even in the Mathematics them- 
ſelves; that when a Truth does not immediately appear, the' it be 
never ſo demonſtrable in itſelf ; yet, if Mens Prejudices be ſuch, 
as nit to permit them to examine into the Grounds of it, they 

effectually preclude themſelves from all Means cf being ever un— 
deceived. 1 3 

How far the Force of Uſe and the Examples of great Aucbo- 
rity will go, the ingemeus Mr. Hodgſon affirds us @ remarias:e 
Inſtance in the Introduction to his Book of Fluxions, Page 11. 
where he ſays : Whatever may have induced ſome People to ima- 
gine, that Sir Jaac Newton, after having revolved in his Mind 
the Doctrine of Huxions for forty Years, has not delivered him- 
ſelf fo clearly as he might have done, and have therefore endea- 
voured to explain it better; for my Part, I mnſt confeſs, I can- 
not fee the leaſt Shadow of Reaſon for ſuch an Objection, and 
Attempt. Nor can I think there is any more Difficulty in con- 
ceiving or forming an adequate Notion of a naſcent or evaneſcent 
Quantity, than there is of a Mathematical Point; which, tho 
it be void of Magnitnde, is the Foundation, or Root, from whence 
all Kinds of Magnitudes take their Riſe. Now, to in/tance in 
the Generation of a Line by the Motion of a Point; this Gentle- 
man gives us to underſtand, that in that Caſe, by a naſcent or 
evaneſcent Quantity, be means only the Tendency of that Point to 
move indefinitely, ſometimes according to one Direction, an ſome- 
times according to another. This I allow is eafy enough to be con- 
cerved : But of what Die the unknown Manner of this Tendency 
16, to mare us apprehend any Thing elſe by it, but flill a pare 
Point, I cannot concei ve. Aud, as to any Signtfication it can have 
tor determining the Leagth of the Line thus generated, he might as 

| well 
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rveil have ſubRituted in its Place, the Tendency of the ſane Point to 
produce fuch a Calgur, ſucb a Sound, ſuch a Taſle, cr ſuch a Smell, And 
de ſame may be ſuid concerning the Generation of a Suferfictes by a Line, 
a of a Solid by a Superficies : See Pages 33, 31, 35— 50, and 71, 
72 of the fdllewing Merk. 

1 profeſs mvſe!f to have as due a Veneration as any Man for both th- 
great Sir Iſaac Newton, and bis Cotemperary the celebrated Mr. Leib- 
nitz ; hic! ſoever of the two was the firſt Inventor of the Superſtiruc- 
ture already built upon this Foundation. But yet I hoje I ſhall be excuſed 
n diſſenting from the higheſt kuman Autherity, <chcre I have Demonſtro- 
tion on my Side, and conſequently (which is the Caſe here) where tha: 
Authority muſt want it. . 

In the Whole, the diligent Student vill perceive a new and large Fiell 
aid open for bim to employ bis Inventicn upon ; «hich, I doubt not, v 
in Time be carried fer ward, (by ſuch as have mere Leiſure aud Ability 
than I have) to ſtill higher Improvements, much beyond whotever hos 
been heretefore known. And to excite his Curigſitv Iprejume I may with 


Truth affirm, that (unleſs ſome Perſon in the ;nean Time has made the 


fame Diſcevery, unknown to me ;) the learned Werld in general are yet 


as ignorant of it, as the Americans were at fr/t hox the Europeans 


cad convey their Thoughts to aue another at a Diſtance by Pieces of 
F aper, . 


Whetever Inter fection may be found threugh the B addy of the Werk, l 


babe ill be excuſed, net only upen Acccurt cf Euman Fallibility in is 


ge Condition, but alſo upon Acccunt of my con uncommen Embarrol/- 
ment, during the whole Performance, under an Accumulation of <e:! 
eb all thefe Difficulties together, which are the greateſt Dijcourage- 
ict to Study. Difficulttes, aehich, T am pretty ſure, were they perfetiy 
kucxcn, wen'd make it ſcarce theught credible by thoſe ho are acquainted 
with this Kind of Study; that a Work conſiſting ubolly of ſuch a Cl air 
o} Inventions, entirely new to himſelf, cou'd ever be brought to the 


Height it is here carried to, under ſo many Incondeniences. And yet, I 
lafe, the Learner has encugh to teach him how to ar.faver every 
Thing anſwerable, which occurs in any Writer uton Fluxicns Lytherto : 


Culer æeitb this Difference, that it is here done Kath much mere Certainty 
Gd Fxatineſs, | 
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The Reader is en to correct the following 


Errata with his Pen; where note, that the running 
Title is never ken as a Line and all fractional 


Ex — are taken in the ſame * 


JAGE 6. line the laſt but « one, for Jos write . P. 8. Ls; 


br 1 — write. 43. nA—4 p. 9. V laſt 
2 OOO} A X—3 
but one, rv. P. 10, 1 9, ri — ibid I. laſt after 
3! abort 4 *. % K 3. Wu write , and for 
——= write _ P. 76, * 13. for: write > L 14. for 


v+d—1 write vþ2d—1, P. 17.1, 8, write X. E laſt, 


ig 


2%. P. 20. 1. 8. for =a* write IR 17, for * 75 
write u. P. 21. 1. 4, for 4—2 write 4—u. P. 23. I. laſt, 14a“. 
P. 25. I. 2, 2 Z. P. 28. I. 17. for 66 write 56. P. 32. L 


4 write 16 25 P. 33. I. 6, for X write x 34. I. 6. 


for 982, write 983. P. 36. affirmative. P. 41. I. 7. for a 


write a. P. 43. Il. laſt but three, for x* write 2*; ibid. l. 
laſt but one for dividing write A dividing. P. 44. J. 14. for 


— — ; ibid 1, 18, write Multiply ; ibid I. laſt but one, 


20 15 
for * write be, P. 45. for xxx, write x* X. P. * 1. 25. 
for x* write c. P. 47. I. 10, in, 12, fos My writ — „ 


P. 56. | 


RK KR AT A 


L. 10. for Laus, write neceſſary Laws, P. 49. I. 29, for right 
write a. P. 51. I. I. 10, for 2rr* write 2rv*. P. g2. I. 2. for 


s write 8; |. 7. for 1652 write 1152. P. 53. I. 18, write 


88⁰ . | 
ibid. |. laſt but one, for ss v', write OO ＋ v . 


— , 
Z CC f ss: 
3 A 
A L-2; . P. 55 5. J. 145 write —— 
CCT—V 


P. 56, 1. 11, write . P. 57-1. 24, for fe write s e. F. * I. 7. 

5 . 
write 6 b. v. .; 1. 8. write ===7; 1. laſt but one, write 
| : —— 


2bp*: = ; 1, lat write bÞpxp*. P. 59. 1. 6. for 4 15, 
write a“ is; |. 21. „ wike ; I. 22, for 


1 cU————_—s 


N——I xM—2 write nxn—1 x12 ; J. 24, for a*a* write a® 
1 laſt but one for eo „write 1 15, for yy" 
write y ye. P. 63. I. 5, for ve write ue; ibid. I. 10, fory* 


ye, write y*y* ; I. 11, dele — cy y' ; l. 13, for co, write c“. 


P. 64. 1. laſt but three, after that fractianal Expreſſion for, 


PT 3 TEN * 1 
write o, or 2. P. 65. 1. 1, for MCv've ses“? = q, write 


| | | 0 52 | | 
MC ==q F. 68. * E for 2cy—vv7, write 
:* 55 


20 -u. P. 73. l. 1, vrite 2 c, I. 2, write 32783 1 


write Þ '; & 4 35816, and 622592: P. 75. |. 10, 


for theſe write 8 for their write theſe; l. 16, for 2 write. 


9 
b 


SSL AT A 


8. P. 76. dele 3. P. 80. I. 4, write Mixed. P. 82. l. laſt 
for s write xl +8 r for b q, write TTY 
J. laſt but five write fixed, * „n FP, 0. L 13, Wn 
z wike . P. 92. I. 2, for u wile , L 7, Im 


” i, write = ; l. 8, write : + ; | laſt but one, for 12772 520 


—— R's ——_— 


write 12779520. P. 102. |: 1. write ibs” CAL Q 105. 


> 


l. laſt but five write S P. 10g. . 10. before of write, fo 


ni 
is the Ultimator y* to the Ultimator 5 laſt but three, 


for 57 write 5 y. P. 112. write y = K A. P. 120. |. laſt 
but Peary for AC—AC, write VC - AC. P. 129. I. laft 


"THE 


A NEW 


AC QU ISI TION 


TY 


Mathematical Lite rature. 


Some neceſſary Premonitions from common Algebra. 


S HEN any d of Coefficients is taken as one 
RX 77 7 Coefficient; if the firſt be a Negative, then by 
changing all the Signs of the following Ones the 

N 8 Whole may be repreſented as a negative Quantity. 
— Thus, — 10a ＋172— 3a is the fame with — 


Uf 23 is the ſame wh . For 


to take away a 6 is the ſame with adding an Affir- 
mative. ; 


II. Multiplication or Diviſion, by the ſame Letters, is per- 


formed ke adding or ſubtracting their — — 
„ 7  *-_ 8 * 
Thus a x23 ==3 ==2 nd - 


2 Premonitions from common Algebra. SECT. I. 
III. To divide any Quantity a, by another Quantity c, is all 
one as to multiply the fame Quantity a by = and to mul- 
tiply any Quantity a by another Quantity c is all one as to di- 

vide the ſame Quantity a by =. That is === 2X , and J 


C 
Ade. 


IV. Any two Quantities with different fractional Exponents 
may be made to have the ſame Exponent, by bringing their 
Exponents to have the ſame Denominator, and then raifing each 
Quantity to the Power, which the Numerator of its new 

Exponent ſhall direct. And fuch Quantities, as are thus brought 
to have the ſame Exponent, may have their Products and Quo- 

tients expreſſed with that Exponent common to both. Thus, 

tb $—d it) — e —— _ 
a xc S Xx ac“, anda ) ac =a } = 


SS cc. So ax c =aac,, a/aact 


| 6 | 
A A 2 ee 
1 MN 


Bo: | | | 1 „ 5 1 a 
e of So 3 XC N =as c* 5 1 and a 73553 5 Se. 


V. When therefore the Root of a whole Multiple cannot be 
had, the Root of ſome Submultiple of it perhaps may. Thus 


Ade ande. So 48* n Anz. So 6 x 


22 36x75] 36x 25 x2]! Bxas 1 
JFC ² oo OR 


„e „ e wm r =|+ . 80 16 a+ 


— 7 | —— 2 

+ 8a* b "=84' x 2a+b Sza xz aby, Cc. And 
whenever two or more Irrationals can by theſe Means be brought 
to the ſame Quantity, under the ſame Exponent they may be 


added or ſubtracted. Thus 48 + 75 : 216 x 35 + 25 * 3 F 
=4%3 +5x3 =9X3. $0175 — 28 = 25x7 — 


4%7 


Szcr. I. Premonitions from common Algebra: 3 


; | - LA Tz. nx qa * pt — 
| 4 X 2 = JX7 . So 135 —40 =27x5 — 85 
= . &c. 


VI. When a Diviſor cannot be had exactly in a Dividend, 
the Quotient will be expreſſed by an infinite Series, as in the 
two following Examples : 


a ce, ce* ce. ) Fc , c 
C| ——— AT { + —+—4&S 
+2 —E+ SE +8 | mee(+E+< 4+ Ec 
8 lan” 
* TS 
ce ce* > 
— „ 2 
ce* 5 5 _ : 
ce* , ce? ce* ce: 
4 44 2 
ce? | 5 ce 


Therefore the 1 — from the Diviſion of any Quan- 
as c by the Diviſor ate is equal to — — multiplying the whole 


2 3 ry « 1 | 
Series ;- A 7 —+= * 1 7 Ge. 


i 


8 2 VII. And 


4 Premonitions from common Algebra. SECT. I 


VII. And ſuch Ranks are multiplict and divided as follows: 


3 FO FFF e“ e'® 21e. 
24 Va* 1a 125a” 25649 102 4a 


1 da i 6a5 x I 25a” 2 56a? ro24a"" 0. 


——— ̃ ͤ —— — i 
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Sccr. I. 


Drivijar | 
f. Fzg 5 4 7, Ja—fa „ 


Dividend 
7 
120 og + Ge. 
r Ge. 
* Ge. 
2 8 240 
3 Toes .. 
| 2 * 20 0 
1 44 1 1 
** * Se. 
p . - 1 72 ; 
—_—_ 
5 &c. 
720 


Wetient 


( 


— &c, 


720 


SECT. 


t d E, &c. 
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————_ 


SECT. Il. 


Of REMOVES. 


Co \VERY Rank or Series of Terms, proceeding by the 


", continual Addition or Subtraction of the ſame common 
Difference, may be called a Series of the firſt Remove; for the 


Sum of every Number of which putting A, it will form a Series 


of the ſecond Remove; for the Sum of every Number of which 
putting B, it will form a Series of the third Remove; for the 


Sum of every Number of which putting C, it will form a Series 


of the fourth Remove; for the Sum of every Number of which 
putting D, it will form a Series of the fifth Remove; and fo 
on to E for the fixth Remove; F for the ſeventh, &c. For 


Example, ſuppoſe 5-=n the Number of Terms, /= the leaſt 


Term, g— the greateſt, and d= the common Difference: Then, 


if we proceed by a continual Addition from I the firſt Term, 


The direct Scale or Aſcent is 


6l-+4d, 


3 -6d, zl T-iod A 
l-+4d, 1ol+10d, 151+20d = B 


I, 41-49, 10l - 5d, 201-1 5d, 351-++35d = C 
Ve, Ge, SE. ve * Be. Cc. 


In which Scale it will be found, that whenever 1 be (if we 
put p = the Coefficient of 4 in A, q= the Coefficient of 4 
in B, r —= the Coefficient of d in C, == that of din D, : 


| = that of 4 in E, &c,) we have in every Number of Terms 


univerſally Ind —d=g, nl+pd=A, n+pxl+qd=B, 


nFpFaxl+rd=C, n Id D, n+p+q+r43* 
E 


If 


Szer. ll, Of REMOVES. n 


If therefore we proceed again by a cla Addition Pon. 
g—nd + dl. 


The retrogade Scale 1s, 


— 2 nd--2d, = | nd+ 3d, g— nd+ 4d, 
g— nd sd g 
g—nd-+d, 2g—2nd+3d, 38— 3nd+ 6d, 42 4nd+100, 
5g— Indi Sd 
g- nd -d, 3g—3od+4d, 6g— 6nd rod, 10g—1ond208, - 
__ 158—15nd+35d=B. 
+d, 48—4nd+5d, 1og—1ond+1 5d, 20p—a0nd+3 5d, 
 35g—35nd-70d=C I 
In which Scale it will alfo appear, whatever n be, that the Co- 
efficient of g in each Series, is reſpectively the ſame with that of 


in the former Scale. Alſo the Coefficient of d in the 
firſt Series, is nn o. — Coefficient of d in A is 


—m-þn+p=—p; whence p== — xn, The Coefficient of d 


— 


in Bis —nxnFp +n+p+0 :, whence q= - 
2, 


xnx 


en eee [= n, — ——— And by thus pro- 
m_—_ 245 212 2 1 * n 1 


ceeding we have 82 Ma. 4 , — x 


n 7 n+; = Sc, And — putting N= 
the Coefficient, * x . Number of the Remove, we have 


—— . 4 —3 DIX Tt Dc Ge. till the 
X—1 X—=2 —3 —4 

Divifor becomes x—x=0 ; and conſequently that Factor with all 
the following ones are rejected. Hence A—nl-+pd—=21-+nd—dx 


25 „TFA I By 


» C=n-pptqul+id= 
a 


The Coefficient of d in C aA TFTA Tea 5 


5 Of REMOVES. Szer. II. 


Ta- = == &c. Or univerſally putting Q. for A, 


B, C, D, Fe. and x equal to the Number of the Remove; we 


have Q== —=I— 242 222 2 ,. 145 TY 


2 K— —3 — 


till the Diviſor becomes x — Xx O. THEOREM I 


Hence if Ed, we VE 1 — , — 22 , 
| 5 X— I — X—3 


pms 
e Gee. 


8 E C T. III 
0 97 rhe Compoſition and Reſolution 7 Powers. 


T F it be required to raiſe the Binomial c+a to its TRY n 


1 Power, by a continual Multi plycation of c+a by it ſelf, we 
ve, 


ca =c*+2C a+ a 


— 3 

ca =C* +3c*a+3c a* + gn" - 

Ta =0*+4a+6c* a*4+40 + 4 

ca =C* eee poodle cata &c. 


| Whence it appears, that the Uncie (or numeral Coefficients) 
2 all the ſecond Terms are a Series of natural Numbers, 1, 


» 4, 5, Sc. whoſe Number of Terms and laſt Terms are 


4 equal to n, the Exponent of the Power. The U7cia of each 


third Term is a Number A of the ſecond Remove raiſed from 


Srcr. III. Be Compoſition and 9 
the ſame Series, till the Number of Terms be n—1 (whence A 


1 


nx —): Of the fourth Term, a Number B of the third 
6 raiſed from the ſame, till the Number of Terms be 
n—2 (whence B==nx=— * Of the fifth Term, a Num- 
ber C of the fourth Remove raiſed from the ſame, till the 
Number of Terms be 1 (whence Cn * *)]: 


Of the ſixth Term, a Number D of the fin 1 Taiſed 
from the ſame, till the Number of Terms be n—4 — 
n—1 n—2 n—3 n— 4 


* 


D=nx—— . &c. 
FF 
T_T 
© —N 3 N—! b 1 Ws 
| t= &c.) we have ca =c +nc a+ xNC 


te S4 ee 285 


'C+a = 1 the Series 14 nx—+nx * 


n—1 122 a” fn] 122 PERL * 

— * x— ＋nX— x 

2 WE 2 3 
N—J —4 * — 83 N— N—4 1—5 a* | 8 
. N rn — Ys * : I x + &c. 


Turokzür II. 


Which Thecreꝶ, when n is a finite Number (whether integer 


or fracted, affirmgive or negative) may ſerve for raifing all Powers, 
and extracting all Roots univerſally. 


(2 If 


a r n+1 n-+2 2 
23 " "0 je Sane Xe 5 


4 ___ c for c there ( whence c 0 — be put for c there, c 


2n+1 „Ju. A+, 


10 Reſolution of Powers. Szcr, III. 


— 


If we ſubſtitute —n for n (whence c becomes c or — ) 


we have c +a or 


= 2 multiplying the Series 1+n 


c+a 892 


2.2 244. 


1 5 . 
— La] =, Kc. TuronzM III. 


r 


11H we ſubſtitute in the fame ſecond Theorem © — for n, 2 z for ; 
1 


for 0 , c for ©, &c.) We have © Ez Sc multiplying the 


2 1 1 N—1 21—1 2 
the Series 14 *-* x 4 3 


«© mm ©” a mm ©” 
1 n—1 an—1 — 2— I n—I 20—1 3u—1 4n—1 
* % X po > gg * * * 
n= mm. Wm a SS 0 Mm 4n In 
25 1 n—I - Ms 307 gh— nr 2* 
= KG —X * * * wor + &c. 
. 1 


TuxoxzuM IV. 


So by the ſame Procedure, if we ſubſtitute — = forn there, 


n 
VVV c"+2Z 
1 2 * 2 2 _ WI —— 2542, = Be MEE RP 
II LA ts n+ * T. — as = n+: | 
4 en ae mm" mamta" m 


zu — SET TrroREM V. 


SECT. 


The Reciprocation of 11 


Secr: IV. 


SECT. IV. 


Of the Reciprocation of Powers with their Roots. 


IT appears from the ſecond * fourth Theorems above that 


if K c 1 and conſequently c+a=c"+z"; we have 
cr equal to the Series of the former Theorem, and ca e- 
qual to the Series of the latter Theorem. Therefore by taking 
away c' from both Sides of the former Equation, and c from 
both Sides of 8 latter; we have 2 3 to c- multiplying 


n—1 a? == af N—TI 
the Series nx + n x Ta = x— + Nx 
J 
n—2 n— by 121 1 — 1 — n — 
* * 2 „ — px — Xx * 2 x + 
i 4 5 e 4 9 
5 | | 5 6 
eee 1 11 ſm A 
WW - "0 1 + * = TR. 
8 aw 3 
+ Ke. and a equal to c multiplying the Series ” * = * 
n—T 2 1 1—1 —8 n 2n—1I 301-—1 
| ww 2n + — X n * * * 
21 C n 21 Zn 1 zn zn an 
2* 1 1 2 —1 3 —1 . 07 oe 1] ST 
48 * * c x 4 n 133 - 3 | * 
C n 2n Zn 4n In "Ts n 26 Zn 


— 6 Ut 
30-—1 42 8 . &c. Conſedtary 5 ven gives a 


4n 5n = 
Solntion to all Equations of the following Scale. 


ca". : =2 
4, © Oe =Z 
301. ze a*'+Þ a =Z 


4&a% ca. ＋ 40 + a+ — 


5e va. loc a*+10c* e KC. 
C 3 This 


12 Powers with their Roots © Sgcr. IV. 


This Scale you ſee is the very ſame with that of the Com- 
pofition of Powers in the foregoing Section. And the two Equa- 
tions of this Concluſion between the Power and its Root, I con- 
ceive may be properly enough named their Reciprecation. In 
which the former Series may be diſtinguiſhed by calling it the 
Compaſition of a the Quantity ſought, or Reſolutum of z the Quan- 
tity given ; and the latter Series, by calling it the Reſclutum of 
a the Quantity ſought, or Compoſitum of 2 the Quantity given. 


Now if we omit every other (or d) Term in ever other (or d) 
Equation of the laſt Scale, and raiſe the Unci@ from the Series 
1, 3, 5, 7, 9 11, &c. (or v, v+d, vad, v+3d, v+4d, v+5d, 
&c.) obſerving that every Power of a muſt have its Uncia, a 
Number of the fame Remove with its Exponent; we ſhall have the 
Scale for a ſecond Confectary. F 1 


8 =Z 
5 1 1 
ge a+ ge- a? as 
70“ a+14cta*+ 7c*a*+ a” =z 


e? a+30cta*+27c*a* + 9e · a . 
Tic'*a+55cia*+77c%as +44cta7+110*a% -a z, &c. 


Put m== the Number, incluſively of the Equation from the 
firſt Equation c a = z, and n = the higheſt Exponent of a 
in the Equation whoſe Number is m: Whence (Sect. II.) n = 

I+2m—2 (or v+md—d) =2m—1. Then in the Series of 
the ſecond Section equal to Q, by ſubſtituting ſucceſſively, 1, 3, 
5» 7» 9, 11, &c. (or v, v+d, vad, v+3d, v+4d, v+5d, 
&c.) for x ; and reſpectively m, m—1, m—2, m—;, m—4, 


m—5, &c. for the n there, making 1=1 there, we have z= 


to the Compofitum made up, of c* multiplying the Series 2m— 1 x 


C , 


—— - X 
TS.” "FO 0! 5 4 
2m—1 m2 mT1 m m—1 m—2 


— X * 

8 7 1 2 3 
2m—1_ m4 5 m3 m- m+1 m m. — . 
11 10 3 . 5 
. 5 Axe. But n=2m—1 (=v+md—d); whence m 


2 
N ( nts ). Conſequently Zz=c" multiplying the Series 
N 2 DEI ISLA 
. = ED e * 


xX—ͤ„ — x — Xx— x — 


8 10 12 N 15 "> 
And (by duden 5 > for n, 2 for a, Mw, = bole) we. 


have the Refolutum a=— multiplying the Series = 7 . N 
| - Joe] DM 01 Jug 2 TI xZN—TI 
1 e An 6n 8n 8 Ion 7 2 * I 8n 
„301 1, E, 27 £4 n= ot. 30—1 . 5In—1 
i 
30 41 „Zu—1 Zl, 2 — n—1 n+1 3n—1 3n+1 , 
* x „r -r 
/ a 0 © mn I20 
5n+1 701 2-1 -, u 2 
14n ren © 18n 201 22 77 + Ke. Conſedtary, 2. * 
Which gives a Solution to all Equations of the laſt Scale. * 
And 


* The Learner may, if be pre omit what follows in this Section; as A 
of no Neceſſity for under landing the main delign in SECT, VII. Cc. 


m+3d—4 , m+3d—5 , m+3d—6 m+3d—7 Kc. x © 


1+nxdd—1—2nd mw} 1+nxdd—1—4nd 


14 Powers with their Roots. Sect. IV. 


And univerſally, if = 1, and n=1+md—d, whence 
= = „we have 2z equal to the Compęſitum made up of 
© multiplying the Series Find . DEC ECD , 
1-+d d 
m+d—3_ md A= 1 Kb. x 1144 , 1+md—d m 2d 
W ce T 1i+2d 2d 
mþ2d—4 m+2d—5 m-H+2d—6 8 89 1+md—d_ 
. " 4d = I d 


3d 4 


1+4d _— — = " =_— : 


— 1. fc. Or reſtoring I. for m, we _—_—_— 


d 
Compoſitum made up of c multiplying the Series n x - "TI 


_n+dd—1—d 44d —1 24 n+dd—1—3d GE WE” — 


WE . 

ad 4 n add. 12d, n+2dd—1—3d n+2dd—1—4d . 

c 22 2dd—d 2dd—2d 

n 2dd—1.—fd A... 2 
. 

n+3dd—1—4d _n+3dd—1—gd n+3dd—1—6d FER Ry 

— ddd —__ ER xa T7 
n n+4dd—1—4d n+4dd—1—5d n-+4dd—1—6d 

1+4d 4dd -- 00-0 — 


= hs &c. e + &c. n (putting, forn, 


c - 
_ de the Series = F IA — 


nxdd—d ade, nxdd—24d M nxdd—3d 9 
21+. + -j x 1+nx2dd—1—2nd 1+nx2dd—1—3nd 
— i+2d = —. F nx2dd—d 4 


n 


PF 
4 
3s 
5 
bf 


. 
A 
10 
3 Fi 
[1 1 
* 
bo | 
12 


Sect, IV. The Reciprocation of 15 
1+nx2dd—1—4nd 1+nx2dd—1—gnd _ I 
madd 4  nx2dd=—3d — ca ＋ 27 1+34" 
1+nx3dd—1—3nd 1+nx3dd—1—4nd 1+nx3dd—1—gnd 
z3ndd Y nx3dd—d m nad 2d n 
1+nx3dd—1—6nd . 273d 8 „Add —4nd 
nx3dd—3d — C. a r Add 
InxAdd—1— 24. 1+nx4dd—1—6nd 25 + nx4dd—1 I — 
wm r  nx4dd—3d 
z\+4d d 


* —— Turok VI. 
33 


Which by i d=} you 2 multiplying the Series 


n * —+ 0x 3 ==, . — 2 . — 1 


4 9 is £c* 6 = a8 
d e 2, , Z. TER — Me. — , +8 | 
18 $1 Ef 6 TT n= 3 TT OW 


14-41 „A- 14, 17, 1 10, -, 1-4, —1 442 


—7 +0x 


= WP . 30 * 6 9 12 & 18 5 
ä ! 213 
1 8 411 414 nF17, 5 4 „23, a + Ge. 


21 25 27 30 33 35 39 c'3 
and a = = multiplying the Scries—F —— — e 5n 


— D==1 . 5n+1 30-41 * 25 ＋ 21, 40 


+, 50+, 81, 110, 1401, 170+, 29 „0 
EB 21> as | 1 5 * 


4 ——— No — 
* *— ä —-„— Xx X — 


14041) * hs. 23042 1213 a. 
_ RIM 33n 5 30n j zan * 3 Ge. Cinſeftary, Zo 
Whic h gives a Sonn tion to the following Scale. 


cal 22 


=@; whence (by the Second Section) n=v+md—d, and 


16 r ei a Riker. Sgcr. III. 


CA — 
RO. => 
205 a+ ca ,t @ — 


rocꝰ a. gc i , 4 r 


136" webe a. 5204s" zei. He Ee Gt 


Again, to make the Reciprocation yet more univerſal, let a” 


= ID 


Then in the Value of 2, in that Section, by 


= fubſtituting ſucceſſively v, 1d, v 2d, v+3d, v4. &c. for 


x, and — mn, M1, 1-2, M3, n—4, Sc. for the u 


there; we have 2” equal to the Compoſitum made up of c“ mul- 
tiplying 1 = [> — mv ö : 


Ge. 6 72 ———— m4o+-d—3 mob d—4, 21 — 5 "mY 


vtd vr f v2 vii; 


1 5 An m-v4-24—4 E245, I 245 


cod TT eee er eee 3 


1 LT UN- 15, mv 3d—0 

&c. » 3 
aa . 4 v+3d 5 v+3d—1 Ta gta ” 
uz. 2 3 
2 = Cc. x = + &c. or reſtoring = for m, 


we bare 2 to the —_ made up of "i 8 the 


Series? b v a—o n+ bt; — . 
5 daxv—1 dx dv 3 


2 
c 


4 
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2 n n-+dxv4d—2—v 
& = TH" date 
nd xv d—4—— 8 and 
de- 3 c = 
| n+dxv42d—4—v I 
dxvÞ2d—2  dxvþ2d—; 
L, n- -d * 2 d—5—v 
dx 3d ! — 
2 
+ &c. Conſequently (if we ſubſtitute — ifs n, at 
"oo cf 


for hed before) we have the Reſolutum 1 f multiply- 


d 
W 3 "4d — d _ 1+nxdu—o—2d 
1 nd v1 ndxv—2 


=. 2 + 1 +nd 2 
ndxv—zz Cny vd ndxvFd—=rT 5 


1 +ndxv4+d—nxv+3d I 122 — 2, 

* 2 . x 3 
nd xu+-d—2 ndxv+-d— =: 3 

2 1 1 Tode Eder 

Dad ndxv＋2d—1 ndxv2ad—2 1 

I And Narr 2d—n xv+ 5d 1 Ge. 1 2— al 

ndxv4-2d—3 cn οατ d 


Ad- Ad — . v+4d I +ndxTÞ 3 d—nxv+ TM 
= ndxv+;d—1 " ndxvÞ+34—2 


— — Sc. x ore == + Ge. THEOREM vn. 


x 


ad- dg f 


D , Hence, 
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— if 1 and 2. uu, we have Ty GEES | 


N— _ „A a⸗ 2 14. 4 4. 


*— K . * ö 12 EIN 
n—2 2 Mi whe. n—6 245 84 n—2 n-+2 
EX 7 * 8 * wo 12 14 „ . 


10 ks... 7% 0 35 =» N 25 


c n 


: ron 
þ 6n—1 * * u* — Dr? pay 401 4n+1 
In Ian  16n * . 122 
6n—1. bu 8u—1 89.41. * — 20+ a— 1 5 

— x X—— e. 201 
= 16n In 20n ci In 54 10n 12n 
n—1 +, 80—1 8n-+1 WS, u PT ws O-. 


14n *1n In 2 © 220 © 24n 


X 


ſelary. 4. Which gives a Solution to all Equations of the fol- 
lowing Scale. 


ce a? 1 SAN 

4e. ˙ % © „„ 

gc* a*+ ca- a 5 2 = 
een 


25c* a*+ gac*a*+ 350*a*+100%a* + N — = 
36c'*a*+105e*a*-þ112c%a6 +54c%a'Fl2ct'a"* +a" cc. 


And 
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And if c==1, the ſame Scale will be expreſſed by 


* u 
r _ a= 


1 6 of | * 
164*+ 208% $a h =. 
25a*+ ges. 35a . 10a 2 n 
36a. 4 ora ＋1 n , be. 


If the uare Roots of the 1ſt, zd, 5th, 7th, &c. Steps 
i ae Gare Rows of the 1, l gb mls . Sep 
Terms with the Scale in the ſecond Conſectary above, with each 


Team equal to u*, But becauſe the n here is only equal to 
— — chere; therefore by ſubſtituting 2 for n in the ſecond Con- 


r 


* and 1 for c, we have 2 X u —— 8 

i Lese Fete nn , K Feger 

4 n — th + notes, 142. n—6 „er, 
20 24 3 


r 15 a* + Sc. Alſo by ſubſtituting 1 for e, = 
for n, and © — for z in the Reſolutum of the ſaid ConſeRtary, we 


have a == * Series x Pg . K + 98 * 


a+2, 302, zn+2 , ＋ = = „2, 30—2 30+2 5n—2 
12n © 16n © 20n 5 ian 16n  20n © 24n 


The — Sy er: Iv. 


. if the 2d, 4th, 6th, 8th, &c. Steps of the laſt. Scale 
de each added to and ſubtracted from 4, we have 4+4a*+a*t= 
4+u,4+-16a* +20at+ P. C. br, be i o 
105at + 1124* + 5442 + raw" Fa 1 + u, © Tc. Con- 


ſequently the the Square Roots of each will give 2-+a*=4 Tu“, 24 4 
2˙＋. = =4+u" 24.9 e » 24+ 16a oor £60 ” 


Ta Tu“, &c.. Whence, if the 2 in each be tranſpoſed to 
the contrary Side, we ſhall have a Scale expreſſed in the ſame 
Terms wi 1 that of the fourth Conſectary, with each Step equal 


to Tu- —2 or 248 4 ſubſtituting 1 for c, and — for n. 


in chat Conſectary; wank. cod fie has 2 
Root of each Step there. 


And by the ſame Procedure from the laſt Scale, as from that 
of the. fourth: Conſectary, we may have a third Scale — 


n! in the fame Terms with each Step, equal „ —2 or 2 


—— 42 having'® ber. a in- the Serieſes of the fourth Con- 
ſechy. PE n 1 — „c. for n there. 


8 16' 32 32 
Now it is a (that proceeding as was. done. from the- 
fourth to tlie \ Coalettary) by extracting the Square Roots of 


the firſt, third, _, Sc. Steps of 17 Scale, whoſe Terms are 


each equal pr”, —2 or — a Scale will again be pro- R 
duced, . and. expreſſed in the. ſame Terms. with the Scale. _ 


Sect. IV. Powers with their Roots. Tr 
of the ſecond Conſectary, having 1==c and each ſtep equal to 


a«Q/ 


＋ or 2— 4A But becauſe the n here is only emule; 
therefore by —” -forn EGO the — 


— 7 — — : 
| and i for c, wehave4x4+u —2 4 or 4ͤ2—4—-1 A2 
n—4, nTF4,, 4#n=n . nT4, N—12 „112 TY 
16 dns wet k 24 Eu 40 of 
t. n—12 n-FI2 n—20 n.20 TY | 
0x "_ 32 4 N 4 N © 1 And by 
ſobſtituring I. for a for n, and = -* = for 2 in the Reſalutum 2 


* na + nx—— 


* ls. — „244.7 
we have a - multiplying the Series x _ ＋ 22 
„ — 32A, ry A. — 1 Zn 4. „ 
n 1600 21 32n 4on 43 
_ X? + &c, an 6. 


And univerſally how high ſoever the Value of each Step in 
the Scale of tue fourth * be carried (as fom u to. + 


2 


P 


— o 


4+u* F2 to + 4+u +2 F 2 to Fe.) by extracting the ſquare 
Roots of che full third, fiſth, &c. Terms, a new Scale will be 
ſtill formed and expreſſed in the fame Terms with the Scale of“ 
the ſecond Conſectary with 2, 2*, 2, 2, 25, &c. and uni- 
verſally d to divide the n in a: Serieſes of * Conſectary. 


So that univerſally, potting 7 for & 4 for n,. and 2 > for Z in thoſe - 


Serieſes, we have x na. ny -- * ras * 


X * 


2 nad, — 34 2 . 
4 
a? . 


4, the Property of all right-angled Triangles. Whence 2 — © 
ZZ ub; and ſince (Conſeck. 3.) z 4c“; therefore 4 


An Application to the Circle. Szcr. V. 
hd nd 


And a= = - multiplying the Series x F An —— 


an F zd, zu -d * ＋ n—d ,n+d „3. — 5 
"van * 10dn "4dn © ond Jan 


* FT Sc. Turn VIII. 


SECT. v. 


An Application of the foregoing De&trine to the 
_— Sections of a Curl. * 


N every Circle make che Radius TC=CV=c the Sine 
or Semiordinate MP— Zs; the verſed Sine or Ab- 
Gf VPS, and the Chord V M (of half the Arch A M) 
==Z. Then by Reaſon of the ſi- 
milar right angled Triangles V M 
T, PVM, and PMT; we n 
VP: PM PM: PT, or v: 
47: > wm Whence 20 
, == 2 £4 = 85s, Conſectary 
VP: VM MP: MT, or 
22 82 


VL 2 2 2: —=—=MT, Con- 
ſectary 2. 


MT:VT=MP: 
SZ 


VM, or > 2 0: =; whence 


5 2. = 2CVv, ** And ſubſtituting 2 for 2 cu in the 


Equation 2 Cv—v* ss, we have zz — pbss, Canſectary 


4 


E 2* e or 40 : —E2 =c*Z*, Conſeftary 5. Which 
laſt. being the conſtant Relation between every Chord MA Z, 
and the Chord MV — z of half the Arch AVM; therefore 
if we put e = the Chord of + Part, u = the Chord of 35 7 


= the 


* 
* 
. 
þ 
3 


latter in the Place of the foamer, putting c = Unity, we have 


Conſectary 6. And (Conſect. 3.) 2v=z* Ae — e. 16 u.— 
20u*+ Bu“ ue 645 — 32577 672 y*— 660 y'+352y*? 


from V let fall V Q perpendicular to AM, 2 the Dia- 
Then the Angle V MT being right 
the Angle VT M being equal to \\- 


muſt be fimilar. —— 2 \ | = 
VM, or VT :VM VA. Vc. 


| * and (Conſe. 8. 12 a. — * (aug 


Part af the ſame 


Chords are each equal to e; and AV and VM contains each 
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= the Chord of r, &c. of the ſame Arch AVM; we fhalb 
the ſame Way have c*z*= 4 c*e*%— e“, ce“ 4cut u', 
eue. = 4c'y'—y*, Sc. Conſequently, if we ſubſtitute every 


Z Z = 4z — z 16e — oe“ ＋ ge“ — e = 64 u* — 330u* 
+ 6720% 660 n* + 3520 —104u"*+ 16u**— v'*= &c, 


— 104 y'*+ ws fins Shes Sc. Conſeclary 7. 
Let the Triangle A V M be inſcribed within a Circle, and 


meter VT 2 c = 2; and join MF. 


(as ſtanding within a Semicirle), and 


VAM fas both ſtanding upon the ſame 
Chord VM) the Angle VTM and VAQ 


faber 8. 
If then the Arch A VM be divided 


into three equal Parts, whoſe Chords are each equal to a; and 


AV contains one of thoſe Parts, and VM two (the Chord of 
the whole being AM=2); we have _ 5.) VM = * 


o / Ad ai in Ss 
_ 8 = Z = 32—45 ere . 
or Angle, Conſecta Conſequently, if e equal the Chor 5 

A (whence a = 3 e—e*); we have Zar 
3a — a 2 9e. -e. Fa) 69 t ,]. Conſettary 10. 


I the Arch A V M be divided into four equal. Parts, whoſe 


two of thoſe Parts; whence VQ —v the verſed Sine or Ab- 
iciſſca of the whole Arch: Then (Conſect. 2 z ge -e. 1 
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If the Arch A VM be divided into five equal Parts, whoſe 


Chords are equal to a; and AV contains two of thoſe Parts, and 
VM three (the Chord of the whole being AM == Z): Then 


(Conſt. 6.) AV = 4 a*—a*, and 


and ( Conſe. 9) VM = 


Ja—aaa = 925 — 6a“ Ta“, and Coaſect 8. ) ve x — a 
. * 
=gat— alfa — fal“. Hence (becauſe 7 2 VO = 


242— a 17 — A . and VM —vQ — — a? +: * | * 


QM) we have A Q+ QM= =AM or Sa—gw ＋2 
py =—_ 


If the Arch A v M be divided into fix equal Parts, whoſe 
Chords are each equal to a; and AV and VM contains cach 
_ of thoſe — whence VQ=v, and (Confed. 9.) 


AV =VM = ja—aza =9a*—64* Ta“: Then (Conſe. 3.) 
9a“ — G. Ta“ 2 v. ary 12. ” 


If the Arch AVE be divided into ſeven equal Parts, hats 
Chords are each equal to a, and A V contains two of thoſe Parts 
and V M five — Chord of the whole Arch being I 


then — e and (Conſect. 11.) VM = 


e Ta- _— +35a' —10a'-+a'*, and (Conſect. 9 ; 
VQ =2 . PE 4 * ip 4 1 a'* 4 24“ 
„ 4 e 


Hence 2 xv = 8 a — T- 


and VM —VQ 1 Fai = ==Q MI), we have AQ 
+QM SAM 2 272 —14 IV, mw 1 


And 
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And thus proceeding, with 1 c, and putting univerſally ©= 
the Abſciſſa, z=Z= the given Chord, and a= the Chord re- 
quired; we ſhall find all the odd Diviſions of a circular Arch, 
. into 3, 5, 7, 9, 11, &c. equal Parts to proceed exactly ac- 


cording to the Scale of the ſecond Conſectary in the foregoing 
Section, bavi ing C=1, as follows, 


22 

Ja a. J . (by Conſect. ꝙ ofthis Scct. 
5a— 544 or 2 2 (Conſe. 11.) 
m— ＋ 7a— a =2 (Conſect. 13.) 


ga—30a ＋27a.— 997+ a? ' =2z (ConſeR. 10), &c. 
I 12554" T —-A4ar＋TIa?—a , &c. 
_ Conſequently, from the ſame conſectary there, whatever n be 


we have the Compoſitum Z=Na——Nx — + ax x 
n+1_n—3 nz a. FY FR Et 3 d, n- 5 
6 8 10 | 6 | 8 wy; a 14 


n—1 n+ n—3 4 21 . _ n 
9 na 4 2” 3-8» ” 35 ĩͤ 
0c nt...» mc ks. rows by. 

6/,„ 00 LA 9 


Kc. And in the Reſolutum a= A multiplying 
the Series + f an . t N 30 —1. 30+1 25 | 


im 36am 


| In '1on © 7730 Ian 161 "Ton © 7+ an.=- 
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3u—1 Zu I. 5n—1 gn! 7n—1 7n+1 gh—1 gn-F1 2 + 


me. Sens — K —„—¼ Xx — Xx rene. Sean 


16n 180 201 22n 
&c. 23 14. 


But if we chuſe to work by the Sines, or half Chords, put 
Sz, and y = the Sine of half the Arch, whoſe Chord is a, 
2 a, and 28 223 and as na in the laſt Conſec- 

| tary equals the Sum of all the Chords of 
the whole Arch AVM, ſo is ny here e- 
qual to. the Sum of all the Sines or Semi- 
po ordinates of the Half-arch V M. Therefore 
>C in the laſt Serieſes ſubſtituting 2 y for a and 
28 for z, dividing the Whole of each Equa- 


; tion by 25 we have oy 


A + y' + 1 —.— — A) 

—1 Go n+ . n+ . — Rn = = * 

; ths . 

ES, —, 5 | 4 ne 82 y* — Ge. and 

—1 „r * . 
20 * 42 


nx X 


22 ar 
za 43 * = 
Ke 2 no „ \ 51 „2, — Let 8 
Zn * In * n vn = "is + 

&c. docs 15. * e 


Again, it appears from the Procedure of the thirteen firſt Con- 
ſeQuries* of this Section, that all the even Divifions of a cir- 
cular Arch, viz. into 2, 4, 6, 8, 10, &c. equal Parts (repre- 
ſenting all Things, as before) do proceed exactly according to the 
Scale of the fourth Conſectary of the laſt Section, having c r 
* as follows 


4 N —— . 


— — N 12 
* », — 


4 U. 


9 5 the Learner, i 


bere and nxcd ts th ollowi, 
Seftion, for the ſame Reaſans 2 fo F *. 


a> 
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2 220 Conſect 3.) 
4.— a* 5 : =2v (Conſect 7.) 
ga%— ba- a ==2v (Conſe 12.) 

164% 20a. B8a%— a ==2v (ConſeQ 7.) 


25a*'— goat 35a — 10a -E a' =2v 
36a* —1052*%+1 129%—542%þ122'*——a" * =2v, Ge. 


Conſequently, from the ſame fourth Conſectary in the u 
_ whatever n be, we have in the Compoſitum, 2 v= to 


- - multiplying the Series a* — * 


r 
AS. 24, , 244, 6 18 * ＋ 


x 


LY 4 * "oF 

n-+2 — +4 n—6 +6 n—8 n+3 n—10 n-+10 
9 10 12 F ˙ A 6. 
2 + Ke. and the Reſolutum 2==— multiplying the Series u 


20—1 ie . 2n+1 =, T1, 4 + 


on n zn fon  12n 
2n-+1 a at, — r 20—1 20+! = . 
r en * 6a Zn 1on 


2215 6n—1 „Sn 80—1 — 4 2 —1, 24-1 41 — , 
"T2n in jn 1mm 2 +5 on "8 fon 
4nd 6n—1 6n+1 $61 Fn+1_ 1001, «EEE ” ＋ &. 


— — „ — — „— — „ — — — 


mn TS 1 10 am am 
Conſectary 16. 1 


n.. Roots of the firſt, third, * 
&c. Steps of the laſt Scale here be extracted, it is evident 2 


will give a new Scale of Equations for finding the Chord 
E2 
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p44 Sc. Part of the given Angle expreſſed in the 


25 69 109 ID) I 8» 8 — 


ſame Terms wih the Scale of the fourteenth — of this 


9 


Section; each Step being equal to 2 v A a S rx. Conſe- 


— 


ſequently (by Conſect. 5. of the liſt Section), we have here x= 


n—2 r 77 . n—6 2 ; N—2 
Bd x + OX —- 5 . 
„A2 n—6 a4 2 * ä 1 — 
— 0 8 i 26 as YO * 7 I2 — a0 
| 3 — gt , 414 , 9  — &c. and 5 mul- 
te. wth 24-28 - "36 N n 
N—2 +2 n—2 n-þ2 30—2 
ig the Series 2 * 7 BY. on. "Mer" — Sa” 7 * 
Zug- 15 . n+2 3 Zn 4-2 n.2. gn+2_, 4 nh—2 
20n 2 in To Wy” In vn 


n.2 2 —2, 22. Wo. 5nþ2 . 22 * + &c 
* "72n.© Jen '20n "On" EY '32n en | ; 
Canſectory 17. es 


Again, if we proceed with the Scale of the 16th Conſec- 
tary here, according to the Directions for the fixth Conſectury 
of the laſt Section, becauſe 2 v here equals u there ; ; we have 


OE EE: 5 
4x2—4—2v* na- 22, SE an — * 5 
n 4 . <4 MF bi als, 3 
3 40 1 24 32 4 48 
* = +4 n—12 41412 n—20 n+20 n—28 

+ * X 
24 1 4 48 56 "þ 


e — Cc. and a=. - multiplying the Series x + — 


n44 1 1. 944 304, 44 gs f 4 ns 
24n  16n 24n zan 4on 16n © 24n 320 
374, W-, U, x4 = „., 304,074, . 
y A4dn 1 8 160 © Zan 32n Jon 48n 
„8. 4 1 I 
"a ben © — * ＋ &c, Conſectary 18. Which gives 


the 


& 


3 X2— 2p4—2V 


29 


25th, 36th, 
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the Value of the Chord a to the 4th, 12th, 20th, 


Steir. 


440, Sc. Parts ot the given Angle. 
And thus, according to the Directions. for the 8th Theorem in 

the laſt Section, we have univerſelly x nan _ Way 
n—d n+ n—3d n-+3d _ n—d nd n—3d 

CEA ae RM La as ala hs 

Arad. n—5d n+ ;d 5 1 ee thi 

7 —— X 2 And a= — multiplying the Series 

= + I—d nd. =D += _n+d Ju ud . nd a 
aan dn _— "bin dn © 10dn 12dn 

5n+d 8 . 

cn + &c. TuroREM IX. That is, 


If dg then for finding the Chord a of the Sch, 24th, 40th, 
56th, * 88th, Cc. Parts of the given Angle; we have x8 


2 
— 


0 —— 


Conſectary 19. 


If d 16; then for finding the Chord a of the 16th, 48ch, 
112th, 144th, 176th, &c. Parts of the given Angle, we have 


Fi = 


xX=16x2—2+2+4 —2v 


Conſectary 20. &c, ad infinitum. 
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30 


„ 
The Menſuration of the Arch of a Circle. 


ru Menſuration of the Arch of a Circle, and every 
| other Algebraic Curve, is founded upon the following 
" 9 T 


I. Space, and conſequently Quantity and Number, may be con- 


0." any finite Quantity e, z, or x be ſuppoſed to be divided 
by n put to repreſent Number univerſally encreaſed, ad infini- 
cum; then it is plain, that the Quotients —, , , can be no 
Quantities, but mere Negations of all Poflibili 
tive Dividends e, 2, or x, to be divided — Conſequently, 
if the Dividend be a Line, the Quotient muſt be a mere Geo- 
metrical Point; if the Dividend be a Superficies, the Quotient muſt 
be a Line, or indiviſible Breadth ; and if the Dividend be a Solid, 
the Quotient muſt be a Superficies, or indiviſible Thickneſs. 


for their reſpec- 


Ii. Under this Suppoſition, therefore the Quotients S, f, = , 


may be aptly called Indivifibles; whoſe reſpective Diviſibles are 
the Dividends e, Z, X. jo 1 9 _ 4 F 


IV. If en be put univerſally to repreſent Number encreaſed 
ad infinitum ; then every aſſignable Number, how great ſoever, 
muſt be as nothing with Reſpe& to it. Conſequently the In- 
finite n can neither be ed by the Addition, nor decreaſed 
by the Subtraction of any aſſignable Number whatever. 


V. It is evident that in all the Diviſions of a given Angle ACM 
==2V CM, or VCM (fee the laſt Figure of the laſt Section), the 
more 
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more equal Angles the ſaid given Angle is divided into; ſtill the nearer 
muſt the Sum na of all the Chords of the Angle ACM ap- 
proach to an Equality with the Length of the Arch AVM; 
and the Sum ny of all the Sines of the Angle VCM=+A 
CM approach to an Equality with the Length of the Arch V 
MS AVM. If therefore the Exponent n of the 14 th and 
15th Conſectaries (which is there always equal to the Number 
of Parts the Angle is ſuppoſed to be divided into) be put to re- 
preſent Number univerſally encreaſed ad inſinitum, and conſequently 
the Chords a, and the Sines y ra are infinitely little; it follows, 
that na muſt be the very fame with the Arch AVM, and ny 
the very ſame with the Arch V M. Becauſe in that Caſe, the 
equal Differences, between theſe infinitely little Chords or Sines 
and their reſpective equal Arches, muſt be as infinitely leſs than 
_ thoſe infinitely little Chords a or Sines y and their reſpective 
Arches, as thoſe Chords, Sines or Arches themſelves are leſs than 
the Arch ed to be divided. For if we put e univerſally 
to repreſent Length of every Arch to be divided into any n 
Number of equal Parts, one of which Parts is x, whoſe correſ- 
pondent Chord is a; it is plain that nx muſt be always leſſer than 
na a, and conſequently nx—na is leſſer than a, But if a 
be indiviſible, then the Difference between n x and na muſt be 
alſo indiviſible, as being leſſer than a. That is nx na. And 
if nx—na be leſſer than an indiviſible, then (dividing by the 
Infinite n) we have x — a more than infinitely lefler than that 
Indiviſible. And the fame for the Sines. nw 


Hence if in the fourteenth Conſectary of the laſt Section, the 
n there be put to repreſent Number encreaſed ad inſinitum; it 
is evident (by the fourth Principle here laid down) all the 
finite Numbers —1, +1, —2, +2, —3, +3, —4, +4, Sc. 
in the Numerators of the Unciz muſt vaniſh as nothing. And 


e One | C oe 
Ar af wocwos nc tle B ⁰ ůͤrl- f . tonal aw BY 
2 ni a 1 is ts a Fg N n'a? + 
&c. Or (becauſe 
3. . And 
7 5 ie 7 XTX And 


for the ſame Reaſon the Reſo/utum there becomes (by multi- 
üplring 
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plying all by n) AVM=na=e= 14 2 + — x 
n = W = T Zu 5 „ 2, + &c. Or 


. 
en en fon 4n n 8 n ion 121 14n 


(becauſe the n every where divides it ſelf) the Length of the 


Arch AVM =na=me=Z+ xg $664 T7 * 


To 


LD 810. 12 K* 188 2 ＋ 2+ 845 * 


F 5 7 1 9 = 63 Fe 211 3 231 | 1 | 
7108 ans 294912 EE 8 1 5452 5952 WM ; + 
La. AM = 
| 167772160 | L TP” 36507222016 * Ke.  Conſeftary Bs 


So proceeding the ſame Way, from the 1 5th Conſectary of 
the laſt Section, for finding the Length of the Arch VM = 
of 


#2 1 
==U, we have PM =s = u- zu! + —X—x — 


: 


0 3 a 


4 S240 
x- u — —X—X—X— XX 7 Sc. and VM= ==) a= 
_ i #5 * 15 n 


kt” r rg A. 15 * 4 — 30. 04D 143 


13312 10240 


£o again by a like Procedure, 8 the ninth Theorem in * 


lift Section, for finding che Length va the * AVM na 
2 th 2 of p 1 
„„ 4d n a” Ty 41 er 


6 
27 = Y x" bs TY 1 rad A + Ce. And AVM=na=e 


n 2 64 d 10d 4" 6d d 107 * 


. 
12d 


* Again, fer the fume Reaſens, as before, the Learner may, if he ilimłs fit, pro- 
cced direceiy Fro bende tc the ſeverth Section. 
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| Fm L345 3 


— - —— 


8 W 
12d 7” had THY” 648d © 10d 
THeoREM X. 


Hence from the 17th Conſectary of the laſt Section, where 


d=2", and X=2 x2VP* = 2x20}, we have in the Reſolutum 
there, the Length of the Arch AVM=na=e=x + * 


10240 458752 75497472 2952790016 
VC, Conſettary 3. | | | 


* 3 x5 + nite: | x. 4 XI ＋ — . *K 7 + 


From the 18th Conſectary of the ſame Section, where d=2*, 


and x = 4 * 2—4—2 „ we have in the Reſalutum, the Length 


— TI * * 16386 Tf 


= Roe ß A 
29360128 * ＋ 10727350072. T e x'' + Ke. 


| Conſeftary 4. 


And thus we may proceed on to ſtill greater Exactneſs, as in 
the 19th and 2oth Conſectaries of the laſt Section, &c. Whence 
it is plain, that a Reſolutum may be formed for finding the 
Length of any Arch AVM of a Circle, to whatever aſſigned 
Exactneſs we pleaſe, and by as few of the firſt Terms of the Se- 
ries as we pleaſe. A Diſcovery, I conceive, vaſtly preferable to 
to any Thing ever yet invented for the ſ me Purpoſe. The 
Excellence of which will appear from an Example to the laſt 
Conſectary above; where d rifes no higher thau 2*=4. 3 


Suppoſe then the Length of the Arch AV M ſought to be no 
| ſmaller than than that of 60 Degrees, or one fixth Part of the 
Circumference of the Circle; whoſe Radius is VRS c I; and 
conſequently the given Chord AM = Zz 1. Whence VP = 


- 
pl 


121 *, . 1339745962156, =* -- 8 
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12 504, Xx = 1. 13857846977, X 1. 241475858, * = 
ay og *. 1.49001, 4 1. 609. Then putting A — 
=. e 5 — © ZION 

384 © 163840? * © 2936012P ˙ 19327352832 
3023056970354 | 


5 = 1,0442095377604 

29 650480983 

227321019 
2305290 

26729 

335 


8 1. 64719755119 PER Rey Length 2 


the Arch AVM of the fixth Part of 2 Circle, whoſe Radius 
is Unity, true to the twelfth Dicimal inclufively ; without mak- 
ing Uſe of any more than the fix firſt Terms of the Series only. 


And by till proceeding on from the tenth Theorem here, ac- 
cording to the Directions in the fourth and fifth Sections, we 
may have the Value of the Arch AVM to any aſſigned Exact- 
_ neſs, by only a few continued Extractions of the Square Root; 
without making Uſe of any more Terms in the Series: than the 


feſt two x + 2444, or even than the firſt one x. 


In the third ConſeQary, let x = 79 *; and we ſhall have che 
Length of the Arch AVM=<=2 multiqlying the Series x + 
t 
24 


Sect. VII. ” Of the Reduction of, &. 39 


4 — 24 — a 
27 + uk 7168 "To 2883554 0 
in the firſt Conſectary) for Conſectary 5. 


I 


K 


In the fourth Conſectary, let x = 2—4—2v ; and we ſhall 
have AVM=e==4 multiplying the Series x +5 * + TY 5+ 


7160 x7 + &c. (again as in the firſt Conſectary) for Conſectary 6. 


— — „ 


* 


* — — N * 


SECT. vn. 


Of the Reduction of Equations to an Ultimum, and 
of the Doctrine of Ultimators, 


Now proceed to one Property belonging to the Expreſſion of 
I of a 3 Equation, which | A never to have been 
fo much as thought of before: tho' it be the only true Baſis of that 
late admirable Invention, which is very improperly called the 
Doctrine of Fluxions by ſome, and the Differential Calculus by 


If, for Example, it were required to find the Root of the fifth 
Power from the Equation 154a—11a*—334' +11a*—:*=120, 
or 120—154a+11a*+33a/ —11a*++a*i=0o, the required Root 
a would be found to be Unity, or 1i—a=o: Which dividing 
120—154a+11a*+33a'—11a*4a*=0 quotes 120—J4ga—23a* 
+ 10a'*—a*=0. Then the Biquadratic Root from the laſt Biqua- 
2 Equation may be found to be a=3, or 3—a—0: Which 
dividing 120—34a—23a -I — a“ o quotes 30, 2a— a- +a? 
. IL the Cubic Root from har — 4 had kg 1 
ab, Or 5—a=0: Which dividing 40+2a—7a*+a*' —o quotes 
8+24a—a*=0, Laſtly, the Sore Root from that may be nas 

OE: - 
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to be a=4, or 4—a=o: Which dividing 8+2a—a*—o quotes 
2+2==0, whence a=—2. Therefore, which ſoever of theſe Roots 
firſt comes out, the Equation of the fifth Power 120—1 54a 
114*+332%—11a*+a5—0 will be fourd to be a Product made 
by the continual Multiplication of 2+a==o by 4—a=0 by 5—a 
=0 by 3—a==o by 1—a=o: And conſequently its five Roots are 
—2, +4, +5, +3, +1. The Biquadratic Equation 120—34a 
—23a*+10a%*—a*—0 will be found to be a Product made by 
the Multiplication of 2+a—=o by 4—1=0 by 5— r o by 3—a 
Do: Conſcquently its four Roots are —2, +4, +5, +3. The 
Cubic Equation 40 za ago will be found a I roduct 
made by the Multiplication of 2 Fan by 4A— o by 5—a 
Do: Conſequently, its three Roots are —2, +4, +5. The 
Quadratic Equation 8+2a-—a*—o will be found to be a Pro- 
duct made from the Multiplication of 2+a=0 by Aar : Whence 
its two Roots are —2, +4. And thus it will always appear, 
that every Equation conſiſts of as many Roots as it has Dimen- 
ſions. TrEoREM XI. e 


And every ſuch explicable Equation muſt alſo have as many 
aff; mgtive Roots, as it has Changes of its Signs from + to —, 
and from — to + ; the reſt being Negative. Thus in the Equa- 
tion of the fifth Power above, the Signs in their Order, are + 


— + + — +; which ſhews that there are four affirmgtive Roots. 
In the Biquadratic Equation above, the Signs are +—— + —; 
which ſhews that there are three affirmitive Roots. And ſo for 


any other. ThREOREM XII. 


If in the foregoing Equations we put n==2, p=4, q=;, 
r==3, $S=1. Then the Quadratic Equation, or Compound of 


n+ a Pa o, will be n pa a—a*=o; which 


——11 
„ .* yo | | ® | 
again -multiplied by q a. gives the Cubic Equation _—_— 


a—Ppa* a! = o, which again multiplied by r—a —o gives 


the 


+» 
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. 

5 -n rt +nr p 
the Biquadratic Equation npgra* a* a a— 

—0pr —pq — 3 

—apq  -nq Ir 
4 3 ' . 
Where the Roots are —n, p, +q, Tr. Aad thus, if in any 
Inſtance we proceed cover fo high, we ſhall always find, that 
the Cortiicient of the laſt Term cquals Unity, the Coefficient of 
the laſt Term but one is equil to the Sum of ali the Roots 
under their proper Signs; the Coefficient of the laſt Term but 
two is cqual to the Sum of the Products of every two of the 
Roots, taking each Product under its contrary Sign; the Coeffi- 
cient of tic laſt Term but three, is equel to the Sum of the 


Products of every three of the Roots, taking each Product under 


its proper Sign; the Coefficient of the lat Term but four is e- 
qual to the Sum of the Products of every four of the Roots, 
taking each Product under its contrary Sign; the Coefficient of 


the laſt Term but five is equal to the Sum of the Products of 


every five of the Roots, taking each Product under its proper 
Sign, Ec. TuxokEA XIII. hs 


Alſo according to this Method of Procedure, in all Equations, 
the firſt Term will be affirmatixe; the laſt Term will be of 
the ſame Sign with that of the Product of all the Roots, taking 
each Root under its contrary Sign; and every intermediate Term 
will be of the ſame Sign with its Coefficient found as above. 
THEOREM XIV. 9 


Therefore every Algebraic Equation univerſally, conſiſting of 
only one unknown Quantity a being made equal to nothing (and 
A put for the abſolute Number or Coefficient of a , B for 
the Coefficient of a* or a, C for the Coefficient of a*, D for the 
Coefficient of a, E for the Coafficient of a“, Ec. alphabetically) 
will be repreſented by Aa“ g. Ba . Ca! + Da. Ea! . Fa + e. 
Do. And whenever any Power of a is wanting, we are to ſup- 
poſe its proper Coefficient equal to nothing. Thus, if a* be want- 
ing, Bo; if a! be wanting, C==0; if a* be wanting, Do, 
Sc. Alſo upon the ſame Suppoſition, if we divide the whole 

Equation 
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—_— by the Coefficient of the higheſt Power of a; then 
will the Coefficients be the fame with thoſe of the foregoin 
Examples under the following univerſal Forms, viz. every fir 
Power will be expreſſed by 5 a» + a' = o, every Quadratic 
SS 3 oe a 
Equation by Ca Ca' a! o, every Cubic by 5 + 
RY OO 1 3 _ 3 Cc 
E 
2 + Ba + a* =o, &c. and every n Power, the Coefficient of 


whoſe laſt Terms is Z, by a + A X54 = 2 4 2 a*+ 
Sc. Ta' So. 5 


If the Roots be every one of them equal to + c or — c 


78 | | | 2 
then every Quadratic Equation will be equal to c +a So, e- 
very Cubic to c+a = o, every bLiqu. inc to ca = o, c. 
as in the Scale of the third Section. Audi eve yen Puwer will 
be equal to c+a =c+nc „ 44 DX x 3 - 


c By a? + &c. a'! o, TRTOREM XV. 


Hence it appears, that in every Equation, if the abſolute known 
Quantity A Aa be required to be brouglit to the greateſt, or 
(conſequently, when the fame is conficered as the Complement 
or Remainder to another Quantity) the leaſt Value it poſſibly 
can have, while all the remaining Parts of the Expreſſion con- 
tinue the fame; we muſt bring all the Roots or Values of a, 
according to its higheſt Dimenſion, to an Equality with one ano- 
ther. For, if, for Inſtance, the two laſt Terms of the Expreſ- 
ſion containing the higheſt Dimenſions of a be + V a— + 22 3 


then after the Whole is divided by Z we have (Theorem 13.) 
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And the Number of all the Roots is n ( Theorem 11): 


Whence the Root a itſelf muſt be equal to 2 But the Coeffi- 
_ cient 7 is here a fixed given Number, and if its n Number of 
Parts be unequal to each other, it is plain, they can never make 
ſo great a Product by the Multiplication of all together, nor con- 
ſequently that Product ſubtracted from the ſame given Quantity 
o little a Remainder, as when the ſame >; is divided into the 
fame Number n of Parts all equal to each other. It follows 
therefore, that in every Equation, if it be required to bring the 
abſolute Quantity A to its greateſt or leaſt poffible Value, we 
muſt bring all the Roots of the Equation to the ſame Value. 
TrEeoREM XVI. Rs 5 


This is what I call he Reduction of an Equation ta its Ulti- 
mate. And in this Reſpect, I call every ſeparate Term in the 
Equation a Subject: To which each Term in the Equation, after 
the Reduction is med, may be called its reſpective Ult:zma- 


tor. Alſo to diſtinguiſh variable or unknown Quantities from 


ſuch as are always invariably the ſame, let the former be repre- 
ſeated by ſome one or more of the Letters, a, e, s, t, v, u, x, 
y, Z; and the latter by b, c, d, f, g, h, k, l, m, n, p, q, r. 
Otherwiſe, the latter, may be alſo repreſented by the Capitals A, 
nn 25 


Example I. Let it be required to reduce the Quadratic Equs- 
tion Aa*+ Ba'+ Ca*=0 to its Ultimate. 
Here A Ba+ Ca“, or = Ca“. Whence (Theo. 16.) 


to bring to its ultimate Value, we muſt make S = ze in 


che Square of ago; or, which is the ſame, make — + a 
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== 0. Therefore the the Ultimate required is B+2C a , or 
Ba*+ 2Caa? 


Example IT. Let it be required to reduce any Equation to its 
Ultimate, which confiſts of but one Power of the Variant beſides 
the firſt, For Example, the en A. Ba . Za o. 


Here 3 or INN & „ Whence (Theorem 16) 


to 5 2 to its ultimate Value, we maſt make 2 — n n- 


in the n Power of Tao. That is (becauſe c=3)S 


a1. Therefore the Ultimate required is B om == * or 
Ba“ + n Zan! at =0. 


Example II. Let it be required to reduce the ꝗ— A 4 | 
1 + Z a7 So to its Ultimate. 


2 n 


Put a“ e, whence a Sen, and a“ = en. Then again put 
Dr. Whence for Pa- + 22 we have Pe Z e, whole 


Ultimate by the laſt is P e* + Z et e, or pe A rZ e 
1 Theretore, reſtoring the Values of e and r, we have Pa" + 


_ Za" = o, or (multiplying by m) mPa" A. n Z a' =o. Con- 
ſequently (to keep always the fame Penny the Ultimate requir'd 


1s m P an—! a* 4 n 2 — 2 =o. 


151 


Hence it appears, that the Ultimate of the Sum or Difference 
of any two Equations is the ſame with the Sum or Difference 
of their reſpective Ultimates. For luſtance, the Equations b— 


a” +Ea'=0o and c — Ba DV =0 have their Sum equal 
to be — B a + Ea"=0, So their reſpective Ultimates — m 


D an—1 
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Dam—1 a ＋ n Eau-—ia =o and — IBal- ae ＋ n Ev a! O 
have their Sum equal to —1 Bal— a'  n EA a =0: The 
Ultimators of the abſolute known Quantity A, b, or b + c, being 
always the ſame, 7. e. equal to nothing. Conſequently whatever 
invariable Quantity in an Equation is added to or ſubtracted 
from a variable one, the Ultimator is ſtill the ſame. Thus 2aa* 
is equally the Ultimator of a*, of a* + b*, and of a*—b*. So 
2a a' is the Ultimator of both — a a, and bb -a a. Whence 
it neceſſary follows, that though two Ultimators may be equal, 
yet we cannot infer from thence that their Subjects are equal. 
TaweoREM XVII 


And it, as has been proved, the Ultimate of the Sum of any 
two Equations be thus the ſame with the Sum of their reſpec- 
tive Ultimates, it neceſſarily follows, that the Ultimate of the 
Sum of never ſo many Equations is the ſame with the Sum of 
their reſpective Ultimates. Conſequently, if an Equation made 
up of the Sum of never ſo many other Equations be univerſal- 
ly repreſented by A + Ba + Ca! + Da + Eat 4 Fa! + &c. 
== © its Ultimate will be o + Ba* + 2 Caa*® + 3 Da* a“ + 
4Ea'a* + 5 Fa!“ a' + Cc, =o. Whence ariſe the following 
Theorems. e N 2 


In every Equation, the Ultimator of the Sum or Difference 
of any two Subjects is the ſame reſpectively with the Sum or 
Difference of their reſpective Ultimators. ThTOREM XVIII. 


In every Equation conſiſting only of different poſitive Powers 
of the ſame Variant, the Ultimator of each Term or Subject is 
had by multiplying it by its reſpective Exponent, and afterwards 
ſubtracting Unity from its Exponent, and ſupplying its Place with 
Unity, as a Power of ſuch Variant, keeping the ſame Sign, Tnxo- 
REM XIX. And convertibly 8 


The Subject of every Ultimator confiſting of the ſame Variant, 
(whoſe Power is poſſitive) is had by taking away its o Power, 
and afterwards adding Unity to its Exponent, and dividing the 
Whole by the Exponent ſo noun. keeping the ſame Sign. 

"THEOREM XX. ps 


G 


Fhus, 


. be mbx=m—! ——— 
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Thus, the Equation A a* + Ba* + C a? + Da* + Ea? + 


1—2 1—3 
Se. = © has the Ultimate o +: Ba a + +CaT . + 2 
— Bae Ca- Da“ 
5 7 2 ＋ 2 E a7 $ * ke. = 0, or & 74 
20” 30 
2 &c. = 0. Alf the Equation A*—Ba = + Can =0, x has 


Ja? 
em r—n 


the Ultimate o—E Ban m 40 * - Can * a* == 0, of — 


e | * 


c "Py". r Ca a* Dk 


When a Subject conſiſts of — Terms with the fame Ex- 


ponent in common, we muſt raiſe it to the Power always of 
the Numerator of the Exponent ; by which Means the Nume- 
rator of the Exponent will always be Unity, and afterwards pro- 


ceed as follows. For m—_ the Subject be b x* ey 
Put BSN Whence bx" + c y* 2. Conſequent- 
ly (Theo. 19.) m 2 + ney y r 253 whence 


* A =2*% But „ . 
ng 5 _ 


Therefore * 2, which 


being the Ultimator of 2 muſt 3 be the Ultimator to the 
given Subject. Hence 


* ts Numerator of the Exponent of a Subject is Unity 


tive. Let the given Subject divide its firſt ower, and 
multiply the Quotient by the Denominator of the given Exponent. 
Then Pry that Product divide the Ultimator of the firſt Power 
of the Subject, and the Quotient will be the Ultimator required. 
THEOREM XXI. 

Proceed 


Sect. VII. FEquations to an Ultimum. 43 


Proceed we next to ſhew how the Ultimators muſt be found 
to Products made up of different Variants. In the firſt Place then, 
let it be required to find the Ultimator of the Product a e con- 
fiſting of only two Variants. Put ae bee, and ae=caa. 
Whence a be, and e S ca, and a e =—=+{ be e Ta. The 
Ultimator of which laſt is (T heo. 19.) bee*+ caa?, and conſe- 
quently is equal to the Ultimator of ac. But be—a, and 
ca=e, Therefore theſe ſubſtituted for their Equals in chat Ul- 
timator give ae ＋ ca? or the Ultimator of a e. 


| Hence it will be eaſy to find the Ultimator of any Fraction 


y, whence x Sy Zz: and by che laſt e 272 * 


2 


33 * 
1 — =y* the Ultimator of . 
2 | 22 y 


And hows again, to find a Ultimator of a Product a e 2 x 


27 —z 


of three Letters, Here ac=>, andae*+ ea* = — 


Bas Les. S275 or 2 ae. 4. 2 ea, Cx 2. = 


—, or 


2 xe, or again (ſubſtituting a e z for x) z*ae* z ea* Tae 


2 2 . Then dividing by z, we have z a e“ ** 
ae 2 =x* the Ultimator Trem 


80 to find the Ultimator of a es z x. Here acs = —,and 


acs* Fase“ +esa* = OI 
esa R —x2*, or Eacs* z ase* Tales a“ + x2" 
'=2 xe, or (again ſabſtituting a es z for x) z*acs* +z*ase? 
+ z*esa* Taes z z = Zz x? dividing by z, we have zaes* 
+ zaese” + zZesa* aes z =x* = the Ultimator required. 


„or Z*aes* +Z*ase* 2 


'G 2 And 


A 
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And thus, it is eaſy to conceive, it will always be, proceed” 
we never ſo high. Alſo it is eaſy to conceive, that as by mak- 
ing acs=y*, whence aces? Tase' +esa*=3y*ty* and 
anon pongs Many y*, and by ſubſtituting Equals, 
the laſt Ultimator is thus reduced to 3zy* 75 +y'2* =x*,. 
ſo any other Subject bae"s* will have the Ultimator nba en 
oF + m ba & enn e- + be” 8' 2. Whence 


As often as the fame Variant Occurs | in a Product, ſo oſten in 
the Ultimator muſt the Product of all the reſt occur with the 
4 Ultimator of that Variant. TuEoREM XXII. 


Let the Fraftion — =y.. Whence X=2y, and by the 
laſt m i x 27 +2" y*, or m xX — y 2— 
z2* =2"' y*, (or ſubſtituting = — for y) m xm—1 K — 32. 2 —1 


nene . rr. Therefore (dividing 


wo we 2 =y* = the Ultimator of 


” Which gives the following Theorem for finding the Ulti- 
mators of all Fractions. 


Firſt, Multiplying- the Ultimator of the W by the firſt 
Power of the Denominator, and call that the firſt Product. 
Secondly, Multiply together the Numerator,, the Exponent of 
the Denominator, and the Ultimator of the firſt: Power of the. 
Denominator, and call that the ſecond Product. Thirdly, Multi- 
ly the Denominator by its firſt Power, and call that the third. 
Product. Then ſubtract the ſecond Product from the firſt, and 
the Remainder will be the Numerator, and the third Product the 
Denominator of the Ultimator required. THIN REM XXIII. 


For Example, let a Fration 1 Here the firſt. Pro- 


duct is — 2 xx d —x ad xx "HE x*, The ſecond: 
Product 
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Product is p — x XX + — x* 3 p Fx x. The third 


Product is E. d—x 2 It. . And the ſecond Product ſub- 
tracted from the firſt leaves — 2 d & X +=px' + 4x x There 


fore the Ultimator required 22 * —20xx Tx Xx 

| Jt 
— . —— 
and (Theo. 17, 19.) o=nza—az +a"z*, or — n2 2—5 a* 


e z*, or (ſubſtituting — _ . for 2) — 9 = a" z*, (or divid- 


Z ing by a") w_ _ ab- a* = 2* the Ultimator of 


ba-. 


Whence it appears, that i in Negative Powers the Subje and: 
its Ultimator are always of contrary Signs, but in * other Re- 
ſpect are directly formed from each other, as in the 19th and 


20th Theorems. THEOREM XXIV.. 


Next for the Ultimators of chims, Tt is known that the 
natural Logarithm of any Number repreſented by 1 + 2 is z—- 
EZ* EZ — 2 +425 —32* + Sc. the fame with na in 
the Reſolutum to Conſect. 1. Sect. Iv. Putting the c there equal 
to Unity and the n infinite, and proceeding afterwards as in. 
Conſect. 1. Sect. VI. But the Ultimator of hn... + is 2* 


appears 1 Article 6. SeR. I. n 
n ou for ” Therefore the Uldmmator of the Lehn 


2 
THEOREM XXV. 
1＋ 


Hence it. is plain from the Nature of Logrithms.. that the Ul. 
timator of the Logarithm of the n Power of any Number 1++z: 


is 1 That is, the Ultimators of the Logarithms of all Powers. 
1+ _ 
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of the ſame Number are to another, as the Exponents of thoſe 
Powers; or as the Logarithms themſelves. TTORE]I XXVI. 


Hence again we are taught the Method of determining the 
Ultimators of Subjects, whoſe Exponents themſelves are variable; 
vrhich are therefore called Exponential Quantities, and are of dif- 
ferent Degrees, according as the Exponents themſelves are invol- 
ved. Thus, the Quantity, whoſe variable Exponent is without an 
Exponent itſelf, as a“, is called an Exponential of the fit De- 
Sree, But when the 1 itſelf is an Expotential of the firſt 


Degree, as a“, the Quantity is called an Exuponential of the ſe- 
cond Degree. And — at Exponent agrin is an Exponential 


of the firſt Degree, as „ the Quantity is called an  Exponen- 
rial of the third Degree. And ——_ - 


But obſerve, that ſince in theſe Operations we are obliged to 


be denoted by the Capital L ſet before it, and its Ultimator by 


L. Thus L.c* denotes the Lagarith of of c', and Lc, its 
Ultimator. And again obſerve, that ſince 2* is the Ultimator of 
3+2 (Theo. 17.) * the Ultimator of the Logarithm of every 


Number 143 is 172 (Theo. 25); therefore the Ultimator of 


the Logarithm of every other variable Quantity a is _ THe 0- 
REM XXVII. 
Example 1. Let it be required to find the Ultimator of c*, 


where c is invariable. Put c* =a. Whence L. cf L. a. But 
(Theo. 26.) x: 1 L. C: L. c, whence L. C=xxL.c=L.a; 


and conſequently (Theo. 22.) x*x L. Le. L a or becauſe 
(Theo. 17) Leo, therefore x* eb == (Theo. 27). 


But C* == a, Gale X* x . Cc = =. Conſequently, © xL.c 


x * = @* is the Ultimator of c* required. 
„ Example 


make Uſe of Logarithms, let the Logarithm of every Quantity | 
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Example II. Let it be required to find the Ultimator of 27, 
where 2 is variable, Put 2 = a, whence (Theo. 26.) L. 2 = 


La=yxL. 2, and (Theo. 27.) Laar x L. 2+y*Lz 
=y xL.z + z*, Conſequently, fince a = 2”, we have a'= 
27 KL. 2 * NU ZD = the Ultimator of 2 required. 


Example Wm. Let i be required to find the Ultimator of 
2 a. Here L. 2% = L. a, and (Theo. 26.) y* XL. z=L. 


a. But the Ultimator of- y*, by the laſt Example, Ay x L.yx 
** +Tax": therefore the Ultimator of yxLz i is y* x L. 


ele- pb yam Dann When 
2 


27 x y* Ly. X* + L. 2 21 x x y=—1 y* + 2 y* x= Sa 
the Ultimator of 2 required. Ra, 


And thus by Rill making the foregoing Example a Step to the 
next, it will be eaſy to conceive how we may aſcend to what 


Height we pleaſe. 


Now from all that has been hitherto inferred from Theo. 16. 

we ſee how neceſſary it is always to preſerve each Variant in 
the Ultimator under its o Power. For firſt of all it is plain, 
that without this we cou'd have no Means from the Nature of 
the Thing itſelf, whereby to diſtinguiſh an Ultimator from a Sub- 
ject. Whereas in every original Equation brought to the fame 
Variant with ſuch Variant in any Term of it under its firſt 
Power (or when it has not ſuch a firſt Power of its Variant, 
by bringing it to another Variant, which has; as was done in the 

third Example to the 16th Theorem above) ; it " that there 
is always this univerſal Difference between ev ubject and its 
Ultimator, that in the former, the Exponent of the Variant is 
greater by Unity than in the latter. And afterwards by thus mu- 


tiplying, as we have done, the whole Ultimate by the o "oP 
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of its Variant, it appears that we are thereby able ( which we 
otherwiſe cou'd not be) to ſubſtitute in that Ultimate the Ulti- 
mator of the Product or Quotient of any two or more other Va- 
riants, which may be equal to the Ultimator of any Term of 
the given Equation ; by which Means only we can determine 
the Ratios, which the Ultimate Values of different Variants bear 
to one another, according to the Conditions of the given Equa- 
tion. For it is evident (from the Inveſtigation of Theo. 22 and 

23,) that we cannot otherwiſe be able to expreſs, the Ultimator 
ot ſuch a Product or Quotient, agreeable to the? Laws of the 


Reduction of an Equation to its Ultimate. 


All which is no more than what neceſſarily reſults from this 
Conſideration of Unity as the o Power of every Quantity. For 
Example, in any Ultimate Equation including the two different 
Variants a and e; ſuppoſe, after their Values are found, we have 
a=2x and e zx; then, it is plain, if we put a=s, whence e = 4, 
we have a =I=2x: and if we put ei, whence a = , we 
"have e =1 =3x. Hence it follows, that in that Equation, 
a“ is in Power to e“ as 2 to 3; tho' at the ſame Time it be 
certain, that in Quantity a* is to e* only as an Unit is to an 
Unit. „0 1 


Since therefore, as has ſufficiently appeared, the whole Opera- 
tion of reducing an Equation to its Ultimate, depends upon the 
different Ratio of the Powers of its Variants to one another ; 
and ſince the Expreſſions by theſe o Powers do actually as much 
imply the Difference of ſuch Ratios as thoſe by the ſame Va- 
riants under any other Exponent: It neceſſarily follows, that to 
take away theſe Expreſſions, by ſubſtituting Unity in their Stead, 
wou'd bring as much Confuſion to the Work, as to ſuppoſe any 
other different Variants the ſame, when they chance to 2 the 


It is evident then, as often as any Subject eonſiſts of different 
Variants Ex. gr. x, y, 2, that the Expreſſions x*, y“, z*, in 
its Ultimator have the ſame Difference in Power with the fame 
Variants under any other common Exponent x", y', 2"; the firſt. 
as beginning the Scale x*, x', X“, X, &c. the ſecond as be- 
Sinning the Scale y“, y „ y*, y', &c. and the third as begin- 
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ning the Scale 25, 2, 2, 21, Cc. When haps they have n» 
other common Exponent through the whole given Equation. 
Therefore the Expreſſion x', y“, 2*, I conceive may be each 
fitly called the Peculiar Unit of its reſpective Scale of Powers. 


Hence every Uitimator may be defined to be, The proper Re- 


ference of each Subject in a given Equation to the Peculiar Units 


of the Powers of all its Variants, in Order to difccver the Ratio; 
F thoſe Variants to one ancther in their Ultimate State, Which 1 


take to be the true Definition of what has been hitherto moſt impro- 


perly and unintelligibly called a Huxien by ſome, and a Differen- 
tial by others. 8 


And here take Notice, that, in Con formity with the Method 


of Fluxions, I call the finding of an Ultimator from its given Sub- 
jet, The direct Method of Ultimators; and contrarywiſe, the 


finding of a Subject from its given Ultimator, I call, The Inverſe 


Methed of Ulttmaters. Examples in each of which I ſhall give 
 promiſcuouſly in the two following Sections; but, according to 


my deſigned Brevity, chiefly in ſuch Caſes, where I think Things 
might be delivered in a much perfecter Manner, even under the 
Notion of Fluxions, or Differentials, themſelves. The great Defect 
of both which Hypotheſes is, that actually are not (as ſhall 
be effectually demonſtrated by and by) the Foundation of that 
for which they are taken. For a Fluxion, ſhould it be granted 
to carry ſome ſeeming Analogy to the true Foundation, yet in 
itſelf (See the Preface to this Work) it poſſibly can have no 
Exiſtence in Naturc. And a Differential, if it have any Exiſ- 
tence in Nature, can poſſibly be nothing elſe, but ſuch an DÞndivi- 
fible as is mentioned in the Begipning of the fourth Section : 
And, if fo, then the Indiviſible xgFin the firſt Conſectary of that 


lows, that the Differential of the circular Arch AV M na in 


A 


Section muſt be a Differential. From whence it neceſfarily fol- 


the Reſclutum there is equal to n dividing the whole Series z 4+- 


of 3 


4 6 . 6 8 125 

cording to the ſuppoſed Nature of a Differential. And thus the 
ingenious Inventors (whoever they were) of both theſe Hypothe- 
ſes, through this Ignorance of the true Principle, from whence 


— XX „Tb In 4 &c. which is abſolutely falſe, ac- 


H | their 


A 
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their own Concluſions do neceſſarily have brought their 
Work under inextricable Difficulties: The former (to ſay no 
worſe) by making an unintelligible Myſtery of that, which in it 
ſelf is clear ; and the latter, by reducing a certain Truth to the 
Neceſſity of a known Conditions /-aod-7:--1- 


Þ Example of both the Direct and Inverſe Method, let it 
firſt of all be 1 that, before the ultimate Values of the 
Variants of any given Equation can be determined, the whole 
Equation on the fame Side muſt always (Theo. 16. ) be brought 
to the ſame Variant, by ſubſtituting each of its _ to the 

ether Variants, TuzoReM XXVIIL. 
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ET VMN i in the annexed Figure repreſent all Semi-curves uni- 
virſally whoſe right Axis is T Q. From which every right 
Line T 8, being ſo drawn as to touch the Con- 
vexity of the Curve in the Point M without 
entring into it, is called a Tangent, to which 
the Perpendicular MR = c, which again meets 
the Axis in R. is called the Normal. And to 
Þ— dM both theſe the Perpendicular PM to the Axis 
m_CGC is called the Semiordinate, VP the Abſciſſa, 
3 TP the Subtangent, and PR the Subnormal. 
Na we always put PM s, VPS 
a N and IV R =r, we have PR = r—o; 
oy and becauſe PR: PM =PM: TP we have 


W Alſo, becauſe PM + PR equals MR, in all 


I— 


L 


Curves we have 8 8 +rr—2rv+vv=cc, or 2 v — VV 
—$$=IT—CCc, THzoREM XXIX. 


Hence 
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Hence it appears in all Curves with their concave Side to the 
right Axis T Q, that the greater Abſciſſa VP has always the 
greater Semiordinate PM ; and each are the greateſt that they 
poſſibly can be to the ſame Arch V M, or to the ſame inter- 
cepted Axis VR. Therefore the Subnormal PR, and conſe- 
quently the Normal M R are each the leaſt that they 
poſſibly can be to the fame Arch VM, or the ſame intercepted 
Axis VR. Therefore if in the laſt Equation c ander be inva- 
riable, we have r —c* an Ultimum. Conſequently, the Ulti- 
mate of that Equation (Theo. 19.) is 2 ru. — 2 vv — 288) =o, 
or (dividing by 2) 88? =r —v x v*. Whence v': © = $:r—v. 
That is in all Curves, as the Ultimator of the Abſciſſa is to the 
Ultimator of the Semiordinate ; ſo is the Semiordinate itſelf to the 
Subnormial. Or, which is all one, as the Ultimator of the Ab- 
ſciſſa is to the Ultimator of the Semiordinate ; is is the Subtan- 
gent to the Semiordinate, Tn ROREM XXX. . 1 
For Example, Suppoſe V M to be the Arch * of an Ellipſis, 
whoſe Parameter is 2 p, tranſverſe Diameter 2d to the tranſverſe 
Vertex V. and conſequenrly its Equation is 2 pv—FEov=ss, 
Here Theo. 19.) 2 p vv =288 : whence | ms 
*. Therefore (by the laſt) v': Er * s: PR, and 
and PR = — — v. Whence v= dx 2 and — 


r 


v=px—=PR. 


Now in the Circle, we know that the Normal M R is always 
equal to the Semidiameter c r VR. Since therefore 1 is 
the Semidiameter of the Circle, whoſe Arch V M U, and Se- 
miordinate PM 8 in the ſecond ConſeQary of S the fixth ec- 

—_ H 2 . tion, 


See Ellipſis in the Appendix. 
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tion, we muſt have c U = the Arch VM here, and 1: 
: c$ = the Semiordinate here. Whence if we put u = the 


Arch V M here, we have U==, and S =S. Which Values 


of U and 8 being every where ſubſtituted for them in the Re- 
olutum of that Conſectary, and both Sides — * c, We 


have VM u here equal to the Series + - $1 + 


os 0 DE 
8 þ =— i * * Fiber ok. TE hs FI Sc. Whoſe Ultitnator 
1x $2c* 1 85 * 


2816c*? 
(Theo. * the £ I We. $5 + 
ITY . : 9342 $* ++ 0435 gi 6 


11 
1900” © TI r DTD Jz768cn * 


+ Sc. Which laſt Series is found to be equal to — . 


E 


CC—85* 
Therefore the Ultimator of every circular Arch VM is equal to 


. And the Square of that Ultimator is I 


— ces 
u⸗ uf. Now from the Nature of the Circle we have vc 


c“: Whence (Theo. 17, 21, ) we have of — and 


c= 
3 ssses 
. uently v* v* = But "If 3 = 
nſequently- © css ene T => 
| CCS's* 0. 8 L o MC. 
222 Therefore s*s* + b =u* u*. That is, in the 


Circle the Sum of the Squares of the Ultimators of the Abſciſ 
fa and Semiordinate is equal to the Square of the Ultimator of 
the Arch. But again, fince the Ultimators s' and v' in the Equa- 
_ s s + v' v u' u are connected with nothing particular 
to any Curve, but the Ultimator u' of the circular Arch VM u; 
and fince the Ultimator u' of the circular Arch V M u muſt 
infallibly have the ſame Ratio to the Ultimator of the Arch of 
every other Curve univerſally, which in the univerſal Equation 


$=r— UN =PRxv* (Theo. 30.) the Ultimators of its 
Semiordinate and Abſciſſa have to the fame univerſally, and 


which 
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which its Subnormal PR has to every other Subnormal ; it fol- 
lows therefore that the Equation s' s' +v u Due u' is univerſal. 
But to put this beyond all Doubt, we need only conſider, that 
in all aſſignable Curves whatever, the ſmaller Part we take of 
them, the nearer ſtill does that Part approach to an Equality with 
its reſpective Chord (ſee the Beginning of the ſixth Section): And 
in ſuch affignable Curves as do continually depart from their Axes, 
the farther alſo the Curve is produced from its Vertex, the nearer 
ſtill does the Curve itſelf approach to an Equality with its Chord. 
It therefore neceſſarily follows, that every affignable Curve in its 
ultimate State, being infinitely either ſhort or long, can be as 
nothing elſe but its Chord. Confequently, in every Curve univer- 
fally (fince the ſame holds between its reſpective Abſciſſa, Semi- 
ordinate and Chord) The Sum of the Squares of the Ultimators 
of the Semiordinate and Abſciſſa is equal to the Square of the 
Ulltimator of the Arch. TurOREM XXXI. 1 


Obſerve (Theo. 30.) chat every Ultimator of the Abſciſſa is 


6 . ? PREY © 
of ws ——— and every Ultimator of the Semiordinateis s*= 
ooo > | 


r — v V= ion vo. TuroRENM XXXII. 


If therefore in the Equation (Theo. 31.) 8s + vw e ue 
e d n der . we lb r 


8 CC—SS 
2c0c0 8 1 TR 7 "T's 
uf. = u u. Whence —— — = W. That » in every 
CC—SS 8 82 


Algebraic Curve, as the Subnormal P R is to the Normal MR; 
ſo 5 the Ultimator of the Semiordinate to the Ultimator of the 
Curve. TuxoREM XXXIII. 85 

Alſo, if in the Equation (Theo. 31.) 8 $3? of = ue xu* we 
ſubſtitute —— v for se, we have v + we 


„ 


e - 
2 CCL ety 
P . 
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„5 -S de u D u' uè. Whence ——< 2 = 
CC = ; 


* 1 


— — 


cc r—5 
— v =n — ue. That 18, As the Semiordinate is to the Normal, 


ſo is the Ultimator of the Abſeiſſa to the Ultimator of the Curve. 
 TuzoREM XXXIV. 


But from the former of theſe two laſt Theorems, we have 
E _cx* 


= u* univerſally, juſt as in the Circle. Therefore, if 


cc—ss“ : 
from the particular Equation of any Curve, we find the Value BY 
of the Normal - a; the Length of the Arch =_ be u= I 


= 2 4 
+7 * 9 112C* te + ans:* 1 


1 13 _| 143 g! 6435 gi mT 
133120 Lager eb ＋ Ke. Tuzo- 
REM XXXV. 


Hence, becauſe in all ſimilar Figures, the * Sides 
are in the ſame direct Ratio to one another; therefore from the 
Compoſitum of Conſect. 2. Sect. VI. from che given Length u 


of any a and its given Normal c, we have ri 


+ e ni r ** 
8. THEOREM XXXVI. | 


| Hence the Circle is as the Ultimate to all other Curves ; and 
(if we pleaſe) we may carry them all to the ſame Exactneis, as 
is done in the fixth Section. 7 


Let it now be required to Aa the 1 PR to the 
common “ Cyclojd, whoſe generating Circle has the Radius VC 
Sc, and their common Abſciſſa V P = = , 

Put 


* Se Cycloid in the Appendix. 
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Put NP—s, and mn _ | 
erty of the Cycloid is always equal to 
2 circular Arch VN. Whence 
the Semiordinate of the Cycloid is 
u- s. The Ultimator therefore of u, 
as the Arch VM of the Circle, being , 


(Theo. 34.) * Hence * ce 
oy r 

the Ultimator of the Semiordinate 
MP of the Cycloid muſt (Theo. 18.) 


8 „ Cs css s' K 


cc— ss? cc—88 


Alſo becauſe VP ec cc 88 ; 
Therefore (Theo. 17.) the Ultimator 


of the Abſciſſa is —— ( Theo. 


= TOON 
33). Conſequently, (Theo. 30.) M7 20 S * : or 
os 9 5 CC—88% -- . 


5 1 
(dividing by — ) 
3 CC—$S3 / 


e + c c—ss* 


s c Tec—ss“ Sus: u sx 


,= P R the Subnormal required. But c+ 088. 
| =BC+CP =PB; therefore ——==P R. Whence it fol- 
lows that the Normal MR of the Cycloid muſt be always pa- 
rallel ro the Chord N B of the Complement to the Semicircle 
of the Correſpondent circular Arch NV: or, which is all one, 


the Tangent MT of the Cycloid muſt be parallel to its correſ- 
pondent Chord N V in the Circle, 


When the Ultimate of any one Part of a Subject plainly in- 
cludes within itſelf the Ultimate of every other Part; then, all 
the other Parts being rejected, the Ultimate of that alone muſt de- 
termine the Queſtion, TnZOREM XXXVII. 

Example 
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Example I. To determine the Dimenſions of ſuch a right 
Cone MVMP as ſhall have a ſolid Content equal to the given 
Cube þ*, within the greateſt Superficies, which a right Cone of 
the ſame ſolid» Content poſſibly can have. 


let the Radius MPP M of the Cone equal a, and put 
q= the Circumference of a Circle whoſe Radius is r. Whence, 


becauſe r : q=a:£, we have * for the 


4 Circumference of the Baſe, and . its Area. 
n And becauſe the Content of the right Cone is 
"mmm" equal to the Product of the Area of its Baſc 
multiplied by one Third its Height, we have + VP x _ == 
bbb by the Queſtion, Whence V P = the Cone's perpen- 


22 


dicular Height. Whence again M P + VP 


— F 
MV. and M V multiplying 2. half the Circumference of the 
Baſe gives 2 ar — the convex Surface of the Cone, 


whoſe Ultimate of the Semidiameter a — MP, and conſequently 
that alſo of the Baſe. Therefore the Square alone of that con- 


vex Surface, viz. , Whoſe Ultimate is — — a* + 
—— a* = 0 (Theo, 24, 19.) gives a bx = the Se- 


= 5 
midiameter of the Baſe. 


From the laſt Theorem alſo we have the Method of deter- 
pe ay Sh Ultimate of a Tangent, when the Curve is fuch 
(ſee the two annexed Figures) as to have in it a Point M of 
contrary Flexion: That is, when the Curve on one Side of M 
| * . "= 
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has its Concavity, and on the other its Convexity, towards the given 
Axis. The former of which is called the [7fex:ion, and the latter 
the Retrogreſſon of the Curve, with Reſpect to that Axis, Thus in 
the former Figure the Curve be- 

gins with its Inflexion to che gi- T, TVS 
ven Axis VR, and has all its | ..% © 
Tangente, during that Flexion, VI Fr 
falling between T' 2nd V, upon T — f | 8 * 
the ſame Axis produced. And in AA,. IN lig. 2 N 
the other Figure the Curve beging „VVV 
with its Retrogreſſion to the given Axis VQ, and has ail its Tan- 
gents, during that Flexion falling between I and V, upon another 
Axis produced from the ſame Point V perpendicular to the given 


Axis VQ. Upon which other Axis TR in the latter Figure, it is 


plain, that the Abſciſſa VS is the ſame with the Semiordinate PM 
upon the given Axis, and the Semiordinate S M the fame with the 

Abſciſſa VP. Therefore, in all ſuch Curves as theſe the Ultimates 
of the Tangent, Subtangent, Norinal, and Subnormal are included 
(Theo. 37.) within the Ultimate of the Portion T V of the produ- 
ced Axis, which is intercepted between the Vertcx V of the Curve, 
and the laſt Tangent T M of that Flexion. But T V=T P—V p. 


88 88 


Since then (Theo. 30.) PR — whence (Theo. 29.) -: 
5s 8: ＋ n 1 „ A — Y = 
hs Put v*=a, and &e, whence T V = — — the Ulti- 
mator of which (Theo. 23.) is _—_———— or (becauſe 
v*=, and ee) sx —. And, dividing by s, we have the Ulti- 


mator of * equal to — whoſe SubjeA (Theo. 23.) s 
— 5 Conſequently, in all Equations of Curves. 
Divide the Ultimator of the Abſciſſa by the Ultimator of the 
Semiordinate, and the Ultimate of that Quotient will determine the 
Length of each to the Point of the contrary Flexion. Tuxo- 
REM XMXXVIII. 

1 Example 


2 
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Example 2, Let it be required to determine the Point M of con- 
trary Flexion (Fig. 2.) to the Curve, whoſe Equation is by*=v*s+b*s, 
putting b equal to any Quantity aſſignable. 

88 _ 2biv | 
Here we we —@ 2% 


1 Pb 


when a Curve begins with its Convexity towards the given Axis, 


where, as has been ſhewn, 


_ the s becomes v, and the v becomes s to the Axis of the Tangent. 
ha _ CIO v 
W hence (Theo. 38, and 23 5 we have 8 1 o. There- 
e = 


2b3 vo 3 1 
=) we have b*—3v'=o, or v ib, and 


fore, (avidin by 
Tr: 


Example * Suppoſe VMN (Fig. 1 Js be the Conchoid of Nichs- 
medes in which putting b= the Diſtance (upon the given Axis) of 
the Aſymptote from the Center, p the Diſtance (upon the ſame) 
of the A Aſymptote from the Vertex, and a=p—v let it be required 
to d termine a and s to the Point M of _— F lexion. 


Here the Equation of the Curve is = pP. Whence 
\ ba xas*+bsa* 1 
{ts 23, 21.) 24258 — = * or (becauſe = 
5 | | ba pPp—aa 
EN Jia + ebFixgu —.— .IN I. 
| | b+a | | | ba 
3 * 1 pa- ' 
= —— Ora 8 * — bfr 5 0 
a ARE — 
— __ 4 
== _ the Ultimate of which laſt (Theo. 38, 23.) is 
4 p Ras | 


a'a? 
a bp ba- a x 2 


Ppat—a*: 
xc (becauſe a =p=v) v —3xbF pxy* TT op- =bFpxp* 
Thus 


—=0. Conſequently a' + 3 ba =2bp Ps 
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Thus, as it before was taught (Theo. 30.) how to find the Ulti- 
mate of and Abſciſſa and its Semiordinate to any given 17 8. 
ſo theſe two laſt Examples determine the ſame 1 eo. 38.) 

Ultimate of a Tangent. Which may ſuggeſt to us the Notion * Ui. 
timatorsof Ultimators, to be denotedas follows. Whenany Ultimator as 


a" is confider'd as a Subject, the Ultimator a of that may be called 
a ſecond Ultimator ; the —— a+? of that again, a third Ulti- 
mator; the Ultimator à of that again a fourth Ultimator, &c. 

The firſt Ultimator therefore of a* is na a = na- z; the 
Ultimator of na—1z (Theo. 22.) is e 25 
na-iy nxu— Ia the Ultimator tor of which (Theo. 22.) is 

na yon n— IX y a a + 2N x n—1 x-2zz* Tu L 
n—a za Ka- iK Eq E —1 Kau- -V nX—1 *n—2 
xa"—3 zi; the Ultimator of which again (Theo. 22. is Dx an—1x*n 


XI—I xXa%*—2 a "x+30x0—1 -; 2 2 + 30x01 Xan—2zy* þ 


Zucn—1 xI—2y2z* Tzu K n—1 2 4a - 32 Z *+ nan I x N—2 


nz xa. 2 na- u An xN—1I IKA zx  6n xXN—1 
ns” 8 xo } - "Ye 3 „I xa JyTP xt—1 * n—2 2 xa"—+2* 


n (reſtoring a* for 2, a for y= 2, 2% for x =" 


== 2 ,&c.) from the Subject a“ the firſt Ultimator is nan *: : 
The ſecond Ultimator is > a. + Nxl-I „ — "8 The 


third Ultimator is nxaa—1 g*? * Zusn— ka aa-a- . E 


Kaus aaa“: The fourth Ultimator i is nan—1 a + 40 XN —1 


an—2 ae a“ +6nxn—1 — a*a*a '+ zun Iva La- SOL 


— — — — eee —— —L 


axu— 1 xP—2x0—3 Xalu ae, Kc. TugoRENM XXXIX. 
After the ſame Manner, the Subj ect a* e* has the firſt 1 


mae 05 + ne*an—1a* ; the ſecond Uhimator „ e* + 


ne*an—1 x --E2mna =! ei a' e- + mx mi a. c- c- 22 * 


— 


„1e z a' a*; &c. TurokE M. XL, 
1 80 


” 
* 1 
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So again the Subject => (Theo. 23.) has the firſt 


em 


e | 
1 =, the ſecond Ultimator 


ne *{,M—12% — 2mMneat=la%* , nen— lea ia a' + mxm+1 ae? 
W C t | NEE cu 2 98 


Ultimator 


mea Kc. TuroxzM. XLI. 
cm2 | : | FE 


In which three laſt Theorems, obſerve that when you ſubſti- 
tute the given Numbers for n and m, that Quantity, whoſe Ex- 


ponent by ſuch means becomes equal to nothing, muſt always 


ve Unity ſubſtituted for it, and not a' or ee. And if any of the 


| Coefficients become equal to nothing, that Term vaniſhes, 


But to facilitate the Work, where we have Occaſion for theſe ſecond, 
third, &c. Ultimators, we need but conſider, that inevery Equation 
of different Ultimators we may aſſume any one of them at Pleaſure as 
the Ultimator of the laſt Variation, which its re- ſpctive Quantity can. 
admit of, according to the Conditions of the Queition. And if ſuch 
2 one be the Ultimator of the laſt Variation of its Quantity, it is cvi- 
dent, that in itſelf it is henceforward as an invariable Quantity, and 
muſt continue the ſame through all other poſſible Variations of the 
other variable Quantities, And as ſuch it may be diſtinguiſhed 
by a Point over its Head, Thus if x be a variable Quantity, 


then let x* be the invariable ofits ſuſt Ultimator x*, x* the inveri- 


able of its ſecond Ultimator x*, &c, For Example, if a variable 


* 
> | WWW 3 > O 
Quantity (Theo. 23.) will bex*y*y*—x*vy? x* v*y*—yx*y? 
3 E 
Whenever therefore an Ultimator is to be thus ſuppoſcd inv. riable, 
we muſt for Convenience Sake, pitch upon tit (Hince it is at our 
Diſcretion to piich upon which one we plcaſe,) which may brig 
be Equation to be expreſicd in the caſit ſt Manrer for Reſclution, by 
deprelling ſom:eTerms, and exterminatiug oikcs, TTOkIM. XLII. 


Quantity be expreſs'd by = —— then the Ultimator of that 


But 
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But let it always be taken Notice, that the Point (.) here is uſed 
in a quite different Senſe from the fame in Fluxions. And its Uſe 
will be farther ſhewn, when we come to the fifty-fixth and fifty- 
ſeventh Theorems, mY 


One Uſe of this Theorem will appear in determining the Point 
of contrary Flexion to every Spiral Curve, i. e. ſuch as continually 
varies its Axis about the Center C, having every Complement V C, 
MC, &c. to its Ordinates, terminating in the Point C, till at laſt 
ſuch Complement becomes equal to nothing in C. 
Suppoſe V M to be the Portion of ſuch a Spiral, 
which has its Convexity always towards the Cen- 
ter C, till it come to the Point M, from whence 
it begins to have its Concavity towards the Cen- 
ter C. Let MZ repreſent an infinitely ſmall 
Part of that Concavity on the contrary Side to 
V. Then let T M be a Tangent to the Curve in 
the Point M, meeting C T the Perpendicular 
to CM in T; and let F Z be a Tangent to the {+ 
Curve in the Point Z, meeting C F the Perpenn 
dicular to C Z in F. Alſo let MG be the Arch 2 —<G 
of a Circle with the Radius M C upon the Cen- 
ter C, and let T H be the Arch of a Circle with the Radius T C 
upon the ſume Center. 1 55 1 „ 


Nov Thing 8 being thus prepared, it is evident, if the Arch 

M Z be infinitely little, that the Tangent F Z, and Right Line 
L mult both coincide with the Tangent MIT, and at the ſame 
Time the Subtangent CF and the Right-Line CL muſt both 
coincide with the Subtangent CT. Conſequently in that Caſe, we 
have F H＋ HLF LS o. And fince MI Z. (Theo. 41.) is 
the Ultimator of the Curve ; it follows, that MG muſt be the 
Ultimator of the Correſpondent circular Arch, whoſe Radius is 
CMI y, and Z G y“ wuft be the correſpondent Ultimator of 
CM, and F H the corcelpondent Ultimator of the Subtangent C T. 


Put MG = x', and (Theo. 42.) make x? invariable; whence: 
MG=x- Then, becauſe the Argles MCT and Z CF are 
both right, and CZ IIC T, and in the Circle every Radius 
CG =CM is perpengicul.r to the included Arch MG: There- 

tore 
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fore the Angle MCT = ZG M. Again, becauſe of the infinite 
Propinquity of C Z to CM, and of Z T to Z F, we have the Angle 
MCZ=—=FZT=o; and in the Triangle MC Z the external 
Angle TM C equals the Sum of the two internal ones M Z C+ 
MCZ, therefore TMC = MZC MZ G. Conſequently 
from the Similarity of the Triangles MZ G and TMC, we have 
ZG:MG=MC:TC, or y: Y: LTC. Al 
from the Similarity of the Iſoſceles Triangles CM G and CTH we 

have CM: MG = CT: GH, ory:x'=Xx'y: LX. 1TH. 
Laſtly, becauſe the Angle LC T MCN = 6 923 MLC 
—=LTC— TLF. But the Angle TH L (for the Reaſon a- 
bove) is right; whence the Triangles T MC and L T H are fimi- 
lar, and CM: CTS TH: HL, or y: Gas 7 : I :=HL. 
Then F H being the Ultimator of TC HC ==. mutt 


(Theo. 41.) give X- Ne ye y — K yy" F H. Conſequently, 


cauſe F H + HL == 0, we have x'Y'y —x* 7 y* + "7 * 
| ; 855 3 : 

o. Whencey'y* T xx y' y' Tx * = y*y*. Turo- 

—_—_ = : ION" PP: 


For Example, Let it be required to determine the Point M of con- 
trary Flexion to the Parabolic Spiral, which is generated by the fame 
Law with a common Parabola, whoſe Parameter 1s 2 p, having the 
_ Circumference V NQ &c. of a Circle for its Axis; and 
conſequentiy all its Semiordinates NM, QZ, &c. with their reſpec- 
tive Complements MC, Z C are cach together equal to VC the 
Radius of that Circle, and do all meet in the Center C. 


Here putting the given Radius VC N Cre c, VN u 
NM, ICS CCS YS c-, and the ſuppoſed infinite- 
Iy finali Arch MG =x* = x (as in the two laſt Theorems) in- 

| vriable 
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variable; whence NQg u', and ZG = y* : then the Equation of 
the Curve will be 2pu=2z=c* —2c 


'y+y* ; whence pu. =—ey*+yy.o@ 1 
And becauſe NC:NQa=MC MO or þ 4 
cart —=y:x*, we have y 2" == x-. 
From which two given Equations we 


have u- y* =c** Whence 
y So 
Y = K, and . 


* x X : But the Ultimate Value of M C = y from the 


. L= LL. 


c 2 00 0.au 0 y mips C 
Conſequently, theſe Values of X &, and y y' being ſubſtituted 
2 5 3 3 wi 

in the laſt Theorem give — I; — — . 
— y* y'. Whence we have y — 3c“ + 3c y- 
— c „y +3c*'piy=2c'p*, (or becauſe y= Cz) 25 — 
2c r zel page p'. . 

Another Uſe of Theo. XI II. is in determining the Radius of an 
involute Curve, the Meaning of which is as follows : 


Suppoſe the Curve V C C C C have an Infinity of Tangents drawn 
10 it in tnePoints C, C, C, &c. till we come to the Vertex V, and 
the Length of each of the Arches VC, VC, VC, &c. be laid up- 
on its reſpective Tangent, from C to M; then the Curve formed 
from the Point V through the Extremities of theſe Tangents M, 
M, M, &c. is called an Involute with reſpe& to the Curve 
VCCCC, which is therefore called the Evolute. And cach of 
theſe Tangents MC (which is always equal to the Length of 
the reſpective Arch V C of its Evolute) is called the Radius of 
the reſpective Arch of the Involute, Hence 


Every 
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Every Involute is compoſed of an Infinity of infinitely little 
Arches of Circles, whole Radii are ſucceſſively equal to C M, 
a; CM, CM, and the Centers are the reſpeCtive 
Points C, C, C, &c. in the Evolute. Conte- 
quently, if we begin at the Point V, the Cur- 
vature of the Involute muſt always decreatc 
from. thence, and approach nearer to a Right 
Line in Proportion as its Radius encreatcs, 
Conſequently every Radius falls perpendicu- 
larly upon the Involute. TEORENM XLIV. 


Ci 
1 Let VF in the following Figure be the Axis of the Involute 
1 VMN, whoſe right Semi-crdiiate is M Ps, Abſciſh VP v, 
| Arch VM u, Radius to its Evolute M C = q, to which T M is 
| the Tangent: and put MG —2, to which Z H is parallel to VF. 
I ben ſuppoling (Theo. 31.) M Z to be infinitely little, we have 
| MK = PZ S GHS , Z K s, and MZ = ub = vo H 
me ng ety, and becauſe (by Reaſon of ſimilar Tri- 
| agales) MK: MZ = TP: T MMG: 


MC, or v: VTS = 2: _ 


181 R F. d es = q Wbence 


| N (Theo. 42.) putting „ve, we have 
| S% gs . I | | — od 
2 v' v [Fox ln Wu SS So, er N | 


r —— 5 — 
PE ame. an 

F „„. MG. Or, bene P G is invari- 
= able, and PG s = Z; whence (by Theo. 17.) o s' = 2”, we 
y oO o 4. 1 = M G. Conſequently, ſubſtituting this 
| — | | | 


for 
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A 
5 * 


=. 


for 2 in MC = ACT TIS * we have M S's 
7 
Tuzok EN XLV. * 


For Example, let it be required to determine the Radius MC of 
the common ty perbola taken as an lnvolate, 


Here putting 2 p == the n and 2 d the tranſverſe 
Diameter, and $ and v as before; the Equation of the Hyperbola is 
2 dpy + pyr dss. Or putting y =d +v ; whence (Theo. 
17.) ** =, and v — the Equation becomes py* — pd! 

3 n 2 


5 8 
= od. | Ww hence Dye —pd onto and — — - agg and 


* 


Au —pd 


making 1 = e, (as in the laſt Theorem) invariable, we have 


1 | ot ol 3 FF | | 
— 24 L. And becauſe © — 2 


= egg 2 7 = e — ve; therefore 


ſubſtituting theſe Values i in the laſt Theorem dn * MG, 


> 


* 445 


we have — 41 n But (Thes 30.) PRE, 


whence MR. =MP +PR =53 + bb 5 VV: Conſequentiy 


= 5+ Þ T0 * And be- 
cn WP : =MG: GC, or s: 12 5 3 44 4 f En Jy 


3 
* „ 


. and dividing all by p, We have dx= 
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I y | pp —MRxPR, 
. 2, II/ we have GC —=— 


cauſe PR: :MR =GC: MC, orPR: MR =) 


C, therefore M C 1 = the Radius of the Involute re- 


Hence, to find the Equation to the Evolute V C of the is 
la VM, put VE PG = x the Abſciſſa of the Evolute, and 
EC=VP+GC= — But from the — 


of the Involute, we have y y = 2 AP P and 8 3 = FL K 
Tp ca we have VE = PG MG— - MP= 


v + PP rn 
a. ad — -=x, and EC=VP-+GC= 
— 


442 
dp 
tated i in the Equation pyy—ddp=dss give pad — 


dp = EA the Equation of the Evolute. Whence ** 


and S= Which two Values of y and s being ſubſti- 


—_— — — 


7 


— d = 


TY 
N 


2 X and the Multiplication of all again by F p* gives 
dp 
gx 
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dx 2 -d TP GdpXX =p „Narr and dividing 
all again by d the Equation of the Evolute becomes «= 


dp — *, Or ATN bp E 


8 E C TM 
The M enfuration of Curve 8 ur faces and Solids. 


N all Curves (ſtill keepin VPS, P M= s, and VEM u) let 
== the Chord VM, which ſubtends the VE M in the annexed 
Figure; whence v S = y*. Then, becauſe it is plain that the 

Ultimator of the right angled Triangle MVP muſt be — to 
the Triangle itſelf. Therefore, as the Semiordinate s is to the Chord 
y; ſo is the Ultimator se to the Ultimator e. Conſequentiy J IL. 
But it has been ſhewn that y'y* = we v. ss u' u' There- 
fore in their Ultimators s y* is the ſame with s u'. 


Let us now ſuppoſe the Arch VE M u to be turned round 
the Axis VP: and it is evident that the Ultimator of the Curve Su- 
perñcies ſo formed muſt be the ſame with that of the Convex Super- 


ficies of the right Cone, which is at the ſame 
Time formed by the Chord VMS y. But if vV _ 9 2 
we put b = 2 c equal to the Diameter of a Cir- t 
cle, whoſe Circumference is q, then the Cir- | N lp 
cumſerence of the Baſe of that Cone muſt be A SJ] 


* or 1s, and the convex Superficies of the 
Cone muſt be s. the Ultimator of which. — 1 
K 2 lad 
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laſt is A ae or becauſe (as has been ſhewn, s y* = y se 
DS u') — Pu 2 C ss. That is, as the Radius c of 


any Circle, hols Circumference is q, is to the Product q s of that 
Circumference multiplied by the Semiordinate: ſo is the Ultimator 


| u* of the Curve, to the Ultimator + s ue of the curve Superficies 


which is formed by the Rotation of the Curve V EM about the Ab- 
ſciſſa VP. THEOREM XLVI. 


Thus! in the Circle, whoſe Radius i is c, where s S v =- v. 
(Whence — rk LR vo, and s 2 —=2ervy 


— — . — — 1 


y* ve) we 

2CV —vy* r 
as — quae - "WMP 

have 2 „ y* r 9 — * K 1 . 

2Cy—vy v* 


Whoſe Subject gy is the curve Superficies about the Abſciſſ V P. 


Hence, becauſe the Ultimator of every Curve, 1 e Semiordi- 
nate is s, and Normal to the Point M is c, when multiplied by s, 


makes v e. ** 


T To 48 + LS. r + 22 SF 


16 c* 1280 


Therefore every ſuch curve — muſt be * 0 a: — mul? 


1 1 1 | 
tiplying the Series 2 +1 TE 8 ++ 128c* 368, + 
BY "5 62 + &c. T HEOREM XLVII. | 


1024 c'* 


Hence avis. it will be eaſy to conceive, that if we ſubſtitute 
v for $ (Theo. 46.) we have alike Proportion for finding the Con- 
vex Superficies, yr is formed by the Rotation of any Curve 
V E M about the Axis PMs, viz. As the Radius c of any Cirgle, 
whoſe Circumference is q, is to the Product q v of that Circumfe- 
rence multiplied by the Abſciſſa; ſo is the Ultimator u* of the 


Curve, 


2 
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C 


8 5 ; 
Curve, to the Ultimator Ty u= 5 xXVV of the Sup:rfi- 
cies required. TuROREM XVII. 


Next to raiſe Theorems for finding the Ultimators of the Plane 
Areas and Solid Contents included within all Sorts of Curves, and 
Curve Surfaces formed from thence, ſomething muſt be premiſed 


by way of Lemmata, as the Foundation upon w rhich the w nole 
Superſtructure 1s to reſt, 


tapes then 2 Series of natural Nas den I, 2:3, 4; £. x; to pro- 
cecd from Unity, till the Number of the Terms be n; and A 


the Sum of their firſt Powers 1 + 2 + 3+4+ 5 &c. to+n; 
B the Sum of their Squares 1 +4 +9 + 16 +25 &c. ton“; 


C = the Sum of their Cubes 1 +8 + 27 + 64 + 125 &c. to 
+; ; D = the Sum of their fourth Powers to n“; E = the 
Sum of their fifth Powers to n;; F — the Sum ot their fixth 
Power to n*; and univerſally Z = the Sum of their m Powers 
ton, Then if the Series be increaſed to one Term more ; that 
is, if we make the laſt Term and the Number of Terms equal to 
n+ 1, it is plain, that the Sum of all the firſt Powers ſo increaſed 
will be An ＋ 1, of all the Squares B4+n'+2n+1, of all 


the Cubes C + n. + 3 n*+ 3n+ 1, of all the fourth Powers D 


+nt An T n' +4n+ 1, of all the fifth Powers E + n! + 
n &c. And the Sum of all the 


m Powers will be Z Tai , or (putting m for the n in the 
third Section, n for c, 1 for a, and the p, q, r, s, t, &c. there accord- 
ingly) Z + nm m nm + mp + m p q nu + mpq 
r „. + mpqrs nz ＋&c., But the Sum of all the m Pow- 
ers of the n + 1 Number of ſuch Terms is bad FA the Addition of 


their Equals to In „as follows : 
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1” —_i+o+ o + oo + o + o — &c. 
+4 =1+ ma mp mpq+ mpqr+ mpgrs+&c. 
+2 zm amp- 8impq+ 16mpqr+ 32mpqrs+ &c. 
+3 =1+3m+ gmp+27mpq+ 8:mpqr+ 243mpqrs+ Kc. 


1+4 =1 Tam 16mp+64mpq+ 256mpgr+ 1024mpqrs+ &c. 
4 e 


. =. = AC 


In ſumming up of which Serieſes. it is plain chat the Sum of all 
the firſt Terms or Units is n + 1; the Sum of all the ſecond Terms 
m is Am; the Sum of all the third Terms m p is Bmp; the 
Sum of all the fourth Terms m p q is Cmpq; the Sum 
of all the fifth Terms mpqr is Dmpqr; the Sum of all 
the fixth Terms mpqrs, is Empqrs, &c. Whence we 
have this univerſal Equation n + 1+ Am Bmp Cp 
Dmpqr + Empqrs +, &. = Z na + mn + 
de: q na- -mpqra®++ mpqrsn"-5 +, 
Conſequently, by making Z = A, and m = 1 for the firſt 
3 B and m = "+ the Squares, Z — Cand m = 3 for 
the Cubes, Z = D and in = 4 forthe fourth Powers, &. — 


. 

n+1 n I- A 3B 

— —ahr=jAt 6B+ 40 

n+1 — =$A+10B+10C+ 5 


—5 


1 — b 5B+20C+ I 55 6E 


— —+1=7A+21B+35C+ 35D+ 21E+ oF 
| Sr —n+1=8A+28B+56C+ 70D+ 56E-+28F+ 0 


ur . 26D-þ126E+84F+36G-+9H, 
Kc. &c. &c, TR | &c. 
Hence 
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Hence in the Series 1, 2, 3, 4, 5, &c. proceeding to the Number 
of Termsn. The Sum of all the 


Firſt Powers A 2 In- +=n. 


second Powers B = 3 aT an- A fu. 


Third Powers C = —-n* - nien. 
__ Think Powers Cm =nt "mt * 


La. + 


PR: 
n! — - n. 
_—_ 


Fiſch P owers E = —n* += 0+ 175 — — n*, Turo. XLIX. 


Fourth Powers D = 54 


Hence if any aſſignable Quantity n be ſuppoſed to be divided into 
an Infinity of equal Parts, the leaſt of which is equal to Unity, and 
it be required to find the Sum Z of all the m Powers to every Num- 
ber of theſe Parts 1, 2, 3, 4, 5, 6, &c. ton: in this Caſe it is plain, 
(See the Beginning of Sect. VI.) that not only the Unit one, but alſo 
every lower Power of n, and every Sum of them made up of any 
finite Number of A', B', C, D., &c. are all taken together as no- 
thing with Reſpect to the higheſt Power n' itſelf, Conſequently in 
this Caſe we muſt univerſally have m + 1 Z nt. Whence 
Z = =, eu. That is the Sum Z of an Infinity n of m Powers, 
whole Roots are 1, 2, 3, 4, 5, 6, &c. till we come to n the greateſt 


is equal to IT; Times the m-þ 1 Power of that greateſt Term n. 
THrorEM L. 


| Upon which laſt Theorem the Foundation is laid for determining 
the Ultimators to all Planes and Solids whatever, by the known Me- 
thod of (Scct IV.) Indivifibles. For by this Time it may ſuffici- 
_ ently appear, that in every greater Area VM P within the fame _ 
Rectangle VZ MP. (See the laſt Figure) the Abſciſſa VP vis. 
higher in Power than the Semiordinate PM s; and convertibly in 
every leſſer Area VM Z (making up rhe fame Rectangle VZ MP) 
the Line VZ s taken as an Abſciſſa is lower in Power than the 
2 Semiord inate 
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vile ZM = v. And whenever theſe are equal in Power, it 
15 pes 1 that V Ml can be no Curve, but muſt coincide witli cir 
common Chord or Hypothenufe, and conſequently divide the Kec- 
tance VPI Z into two congruous right angie Triangles. Thcie- 
fore every greater Area VMP is more than half its circum*criling 
dectangie, and every lefler Arca VM Z ts leis than halt the Lane, 
THEOREM LI. 


If then i in the greater Area V MP we ks the Abſcifſa v Pa 


v — 4, and its correſpo ent Semiordinate PM s = a”; it is mani- 
feſt, if a be ſuppoſed infinite, that the TO? is made up of an Infini- 


ty of Semiordinates, each of which 1 is the - L Power of its reſpective 


” Abſciſl, Conſequently ( potting a for n, and — tis m in Theo. 4* ) 
= A 'B 


r 


a z whoſe Ultimator 


we have the greater Area VMP =_— 
* r+1 

| I _— | | 

(Theo. 19.) is a a”, or or (reſtoring s for ar, and v for a) s v.. 

That is in all greater 3 As Unity is to the Semiordinate, fo is 

the Ultimator of the Abſciſſa to the Ultimator of the Area of the 

Curve. TuroREM LII. 


So in the leſſer Area VM Z, if we make Z M = va, and 
VZ Ss a; it is alſo manifeſt, if a be ſuppoſed infinite, that the 
whole is made up of an Infinity of Lines parallel to Z M, each of 
which is the r Power of its reſpective Diſtance upon VZ from V. 
Conſequently, (putting a for n, and r for m in Theo. 50.) we have 


11 
che lefler Area V M *, a = 3 whoſe Ultimator Crheo. 
19.) is a“ a, or reſtoring 


v for a- and s for a) vs. That is, in all 
Eller Areas, as Unity is to the Abſciſſa of the greater Area, ſo is the 
Ultimator of the Semiordinate of the ſame to the Ultimaror of the 
leſſer Area. Tn LIL 


If therefore in the Ultimator s v* (Theo. 52.) we ſubſtitute 


= —= — for * — 32.) we have 5 = 
cc ss“ FTY - 


. 74 77 RY 3's | 
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4. &c. equal to the greater Area MVP of every Curve univerſally, 


l * Normal is c, and Semiordinate is . TUEOREM LIV. 


In ſuch folid Spaces (ſee the laſt Figure) as are generated by the 

Rotation of a plan Area, as in in the three laſt; whether greater 
(as MVP about VP or MP) or leſſer (as M V Z about M Z or 
VZ) always put b (as in Theo. 46.) equal to the Diameter of a 
Circle, — Circtmference is q Then the Area of the Circle, 


whoſe Radius is s, will be ss, and the Content of the cylinder 


upon the ſame Circle, whoſe Height is v, will be fs s v. And 


the Area of the Circle, whoſe Radius v, will be > T voy ; and the 
n of the Cylender upon the ſame Circle, whoſ. Height is s 
will be f D* VS. THEOREM LV. 


Alſo it appears FI the Nature of a Right Cone, that every con- 
vex Solid fo formed muſt, be more, and concave Solid leſs than one 
Third its circumſcribing Cylinder. THEOREM LVI. 


Firſt then, If the greater Area V M P (fee the the laſt Figure) 
be turned about its Abſeiſſa v P, as a fixed Axis, I call univerſally 
the Solid fo generated, Convex JV. In this Caſe put VP =v =a, 


and? P MSS A _ 51, 52.) Whence (Theo. 55.) the 


Area of the Baſe is f ar r and the Content of the circumſcribing 
L Cylinder 
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2+r 


— is Tr. Now if V. P a be conſidered as divided 


into an Infinity of Abſciſſa 1, 2, 3, 4, 5, &c. whoſe greateſt Term is 
VP a, then the reſpe&tive Semiordinates to thoſe Abſciſſa will 


* 5 » 5 „ &c. till we come to a“, whoſe 


= 3 3 — 


Squares are 1 "Lf we ME; FRAY i "A „&c. to a And Gene the 
Areas of Circles are always as the Squares of their Radii; therefore 
the Sum of the Areas of the Circles of theſe reſpective Radii will be 


BE ft . 


equal to m ultiplying the Series 1 +2 +3 "44 +4 ' + &c. 
to + Js But the Sum of ſuch a Series of 7 * whole 


Aſt Terms is a” i , (by putting a for n, and for m in Theo, 
ho 
50.) is 777 a>. . Conſequently every Convex Solid F i is equal 


. 2 
aol,” We Ulimancr Theo. a 
to Fr ba ( 19.) i s I a'« 
2 ss; which gives the following Theorem. As the Diame- 
tor bof any Circle is to the Product of the Square s s of the Semior- 
dinate multiplied by the Circumference q of that Circle; ſo is the 


Ultimator v* of the Abſciſſa, to the Ultimator p.“ $$ v of every Con- 
ver Solid LT HEOREM LVII. 7 


The Complement of which to its circumſcribing Cylinder 
8 ssV muſt give the Content of the concave Circumambient Solid 
Z, which is formed by the Rotation of the leſſer Area V M Z about 
the ſame Axis VP. And the Ultimator of their common Curve 


Superkicics (Theo. 46.) is 1 s u, THEOREM LVIII. 


Secondly, 
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Secondly, If the leſſer Area VMI Z (ſee the laſt Figure) be turned 
about V Z, as a fixed Axis, I call the Solid fo generated Concave V. 
In this Caſe put V Z s Da, and Z M == v == #' (Theo. 51,52.) 
Whence the Area of the Baſc (Theo. 55.) is 85 . and the Con- 
tent of the circumſcribing Cylinder 1 Now if VZ = 2 
be conſidered as divided into an Infinity of Parts 1, 2, 3, 4, 5, &C. 
—= VDS AE, whoſe lat Term is V Z—=ABE=—1i; then the 
2r Powers of their reſpective Perpendiculars DE, Z M will be 


1 2%, 3% 4% 5 to the laſt Term a*, = VP Z . 


And ſince the Areas of Circles are always as the Squares of ee .. 
Radii; therefore the Sum of the Areas of the Circles of all Her ße 


reſpective Radii will be equal to 1 multiplying the Series 1 * + 


2 +3" +4" + 5* &c. Ta-. But the Sum of ſuch a Series 
of 2 r Powers, whoſe laſt Term is a**, (by putting a for n, 


and 2r for m Theo. 50.) 1s - I; ” ated Conſequently, every 
Concave Solid V is equal to Nr * Whoſe Ultimator is 


8 a2 * = Lv . Whence, As the Diameter b of any Circle 


is to the Product of the Square ZM — v v multiplied by the 
Circumference q of that Circle; ſo is the Ultimator s' of V2 
to the Ultimator of every Concave Solid V. TuxokEM LIX. 


The Complement of which to its circumſcribing Cylinder 
5 v vs mult give the Content of the convex circumambient Solid 


P which is formed by the Rotation of the greater Area VMP 
about the ſame Axis VZ. And (putting MZ d fixed, and 
MB = v variable, whence ED — d v) the Ultimator of their 


common curve Superfices will be 5 dv, reſtoring v for d 
in the Subjedt. TrnzorReM LX. — 


L 2 Thirdly, 
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Thirdly, If the greater Area MVP (ſee the laſt Figure) be 
turned 3 its Semiordinate M P, as a fixed Axis, I call the 
Solid, ſo generated, Convex M. In this Caſe put again MP S 
Sa, and VPS = a* (Theo. 51. 52) : whence (Theo. 55.) 


the Area of the Baſe is 9 WW, and * Content of the circum- 


ſcribing Cylinder is 1, me Now in the Concave Solid x. it 


was juſt now ſhewn that all its Semiordinates D E, ZM (to 
© Axis VZ MPS as) were 1, 2", 37, X. 4 5 
&c. to a. Therefore every E F, being here taken as a Semi- 
ordinate, as the Complements of all thoſe to the greateſt V_ 
=} M, muſt give | ſuch Semiordinates EF equal to a! — 
1, — 2 4 — 3, a — 4, 4 — 5", Kc. decreaſing ad inſini- 


tum, till all terminate in the Point M = a&'— a o. Hence the I 


Squares of all theſe Semiordinates (or Radii of their reſpective 
Circles) are gf —28 X 1 "+1 a — 2a x 2 ＋ 2 a! — 
I + 3*', 2 - 2a x4 +4*, &c. And each multiplied 


by f. are the Areas of their reſpective Circles. But it is evident, 
ds Sum of all the firſt Terms of theſe circular Areas is 


i. x M P x V VP =", the ſame with the circumſeribing cy- 


linder. Conſequently the Sums of all the reſt, under their con- 
trary Signs, muſt be the Complement of the Convex Solid M to 
its circumſcribing Cylinder; which is the Content of the circum- 
ambient Difcus, formed at the fame Time by the Rotation of 
the concave Area MVZ about the fame Axis PM. Now the 


former of theſe Sums is equal to * 2a multiplying the 


| Series * ＋3˙ + 4 + 5 &. T a', which (Theo. 50.) is 


2 qa = 
=o * I * And the latter is equal to 1. multiplying the 


Series * + 2 + 3 +4" +5" &c. + 15 which (Theo. 50.) 5 
is Ix———a**', Therefore the Content of the faid Diſcus 


—5 75 2 a+", But obſerve here, 
that 
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that the 2 2 2 v in the former Part of the former Term, is 
always as invariable to all its variable Coefficients (viz. 17, 27, 
3 4, 5", &c.) as the fixed Coefficient 2 itſelf. Therefore a 42. ) 


the faid Content is on to . „ ot —1 * 


* 8 T; I 
. Whoſe Ultimator (Theo. 19.) is * a” a — 5 a” ©, 
or (every where reſtoring. v for & and s for a) 295 VO — 


v 85 equal to the Ultimator of the Complement of the Convex 
Selid M to its circumſcribing Cylinder. But p 9 v*s* (by the aſt 
but one) is the Ultimator of the Concave 55 JV. Therefore 


the circumambient concave Solid Z, which is formed by the 


Rotation of the leſſer Area VM Z about the Semiordinate P M. 
is equal to the Difference, which remains after the Subtraction 
of the concave Solid V, found as in the laſt, from the Subject f 


2 
2 


Subject, the Quantity v is as invariable in it ſelf, as q or b, but 
not v. THEOREM LXI. 


Homes it follows, that the convex Solid M, which is formed 
by the Rotation of the greater Area V M about the ſame Se- 
miordinate P M is equal to the Difference, which remains, af- 


of the Ultimator v8; always obſerving, that in finding that 


ter the Subtraction of che Subject of the Vitimator 225 v &, 


from the Sum of the concave Solid V (Theo. 58.) added to the 


. circumſeribing cylinder N s. And the Ultimator of the com- 


mon curve Superfices of theſe two laſt a. 48 J is 5 5 v u' 
THEOREM LXII. 


Fourthly, If the leſſer Area V M Z (ſee the laſt Figure) be 
turned about the Axis M Z, as 'a fixed Axis, I call E Solid, 


5 
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ſo generated Concave M. In this Caſe (as in the firſt) put MZ 


=P vga, and VZ SPM SSS A. (Theo, 51. T2}: 


Whence the Arca of the Baſe and Content of the circumſcrib- 
ing Cylinder muſt be the ſame as in the firſt, Now in the 
Convex Solid V it was ſhewn (Theo. 57.) that all its Semior- 
dinates A E, PM (to the ſame Axis V P M = =Aa = v) were 
1 L 1 2 7 g 
V Therefore every E B being here 
taken as a Semiordinate, 2s he Complements of all. thoſe to the 
Oy VZ=PM, wut give all ſuch Semiordinates EB _ 


— 7 1 - E r . - 1 7 
| 5 LL | 
ad init um till all terminate in the Point M=a — 1 = o. 
Hence the Sqnares of all theſe Semiordinates (or Radu 
7 1 2 5 2 I 1 
of their reſpefive = are Ry Ae, x1 "0" a'—22' x 2' + 


2 2 1 2 2 Tx 7 


2, za 3 + 375, 2 — 2a & 4 + FE. Ge. And each 
multiplied by & are the Areas of the Circles. But it is evi- 


oo that the Sum of all the firſt Terms of theſe circular Areas 


15 s LX MZxVZ- = Lo, the ſame with the circumſcribing 


i! * 
Cylinder. 2 the Sums of all the reſt under their 
contrary Signs, muſt be the Complement of the Concave Solid M 
to its circumſcribing Cylinder, which is the Content of the cir- 
cumambient convex Solid, formed at the fame Time by the 


Rotation of the greater Area MVP, about the ſame Axis ZM, 


Now the former of theſe ——— X 2 7 multiplying the 


Series fs Sc, 0 2 which. (Theo. 50.) 


1s . And the latter is equal to 5 multiplying 


the Bares 1 "$1 3 +4 = 5 E -K, which n 


48.) is Dr „ Therefore the Content of the ſaid convex 


circumatubient 
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circumambient Solid muſt equal 2 _ X 12 ＋ fr 
2+r 


a r. Put again obſerve here, that the 2 x = 25s in the for- 
mer Part of the former Term is always as invariable to all its 


variable Coefficients (vis. 1 2, 3, 4, 5, Cc.) as the fixed 
Coefficient 2 itfelf, T herefore (Theo. 42.) the ſaid Content is 


_. 2+r 
_ 2958 „ a” — f Fe. IP Whoſe Tle | 
equal to —- "Ir © 2 a Whoſe |  Ultimator 
(Theo. 19.) is — - a a? —2 a? a? = 246 bv ww Ts I, 8 ve equal 5 


to the ER. of the Com plement * the Concave Solid M. 


to its circumſcribing Cylinder. But IT (Theo. 57.) is the 


Ultimator of the convex Solid V. Therefore the circumambient 
| convex Solid P, which is foamed by the Rotation of the greater 
Area VMP about the Axis MZ is equal to the Difference, 
which remains after the Subtraction of the Convex Solid V, from 


the Subject of the Ultimator 26, vo: always obſerving the 8 


fixed here, as the 5 1 THEOREM LXIII. 


Hence it follows that the Concave Solid M, which is formed by the 
Rotation of the leſſer Area V M Z, about the fame Axis M Z, is equal 
to the Difference, which remains, after the Subtraction of the 


Subject of the Ultimator * sv, from the Sum of che C 


wex Solid V (Theo. $9 / added to the circumſeribing Cylinder 


| 8 ss v. And (putting VZ =d fixed, and V D=s variable, 


whence BE Sd —s) the NO. of the common curve Su- 


perfices of theſe two laſt will be A „b reſtoring s for d i in 
the Subject, Tuan LXIV. 


Next, 
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Next, to determine the Contents of ſuch convex and concave 
Solids, as are formed by the Rotation of curve Areas, at the 
fixed Diſtance 1 from their reſpective Axes. Theſe when taken 
wholly, I call Miat Solids, and when the Right Cylinder is 
taken out of each, the Radius of whoſe Baſe is l, and the 
Height is the given Axis, I call the Remainders ſimply Ambi- 
ents, Thus, + wh 9, 

Firſt, If the greater Area VM (ſee the annexed Figure) be 
turned about the Axis AB parallel and equal to its Abſciſſa 


VP=v, at the Diſtance AV BPZ I. Then, proceeding 
with BM = 1+s directly as with s in Theo. 57, we have the 


- Ultimator of the mixed convex Solid A equal to ICs; from 


whoſe Subje&, ſubtrating the Cylinder Þ 1* v, we bare the 
_ Convex Ambient VMP. TrroreM LXV. 


And, if from the Cylinder = xl ve ſubtract the ſaid mix'd 
f Convex Solid A, we have the Content 
N iz (+ of the concave Ambient VZ M, which 

| | © is formed at the ſame Time by the 
II Rotation of the lefler Area VMZ 
K CT, about the fame Axis AB = v. And 
N | | the Ultimator of their common curve 


Superlicies (Theo. 46.) will be = 


 - 


66 ANT 
4 SORE 1 D,1+s. Tazoxem LXVI, 

Secondly, If the leſſer Area V M Z be turned about the Axis = 
E F parallel and equal to the Semiordinate PM =V Z =s, at 
the Diſtance EVS FZ = l. Then, proceeding with E P =] 
u directly as with v in Theo, 59, we have the Ultimator of 


the mixed concaye Solid E equal to PT ; from whoſe Sub- 
ject, 
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ject, ſubtracting the Cylinder 5 11s, we have the correſpondent 
concave Ambient V M Z. Tuxonzu „ 


And if from the Cylinder 3 LL we ſubtract the ſaid 


mixed concave Solid E, we 8 the Content of the convex 
Ambient VPM; which is formed at the ſame Time by the 
Rotation of the greater Area V MP about the ſame Axis EF 
2s. * the Ultimator of their common curve Superficies will 


be * 202 nn. Tuzoze. LXVIII. 


Thirdly, If the greater Area MVP be turned about the Axis 
GH 523 and equal to the Semiordinate PM —s, at the 
Diſtance PG MH l. Then, to find the Value of the 
concave Ambient M Zz V, formed at the ſame Time by the 
Rotation of the leſſer Area VM Z, about the fame Axis GH 
Ds, proceed as follows. Put GH =s=a, and VP =va=r': 
Whence the Radius of the Baſe VG is Ia, the Area of 


the Baſe is an ＋ 5 1a˙ ＋ * and the Content of the cir- 


cumſcribing Cylinder is 4 1 1a +5 212 I n+ Now in 


the concave Area V M 2 here as before al its Semiordinates 
NK to Z Mü are 1, 27, 3', 4, 5', &c. to AM = ax. There- 
fore every K O, being here taken as a Radius as the- Comple- 
ments of all thoſe to the gone. VG=1I+x, muſt give all 
ſuch — K O equal to Ia! — 1, 1 +a — 2, 14 —3˙ 
Ta — &c. r ad infinitum till all terminate 
in the Point M == e Hence the 


Squares of all theſe R Nadi are +a — 22 Talur '+1**, I _—_ 


24'+ 21x2 +2, +2 — 2x +21x3 '+3*", &c. And each mul- 
riplied by f are the Areas of their reſpective Circles. But it is 


evident, that FR Sum of all the Terms -I of theſe cir- 
M cular 


. 
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cular Areas 1s 9 x GIIXV G = La 14 +1 a the 
circumſcribing Cylinder. Conſequently, the Sums of the two 
other Terms under their contrary Signs, muſt be the Comple- 
ment of the mixed convex Solid M here, to its circumſcribing 
Cylinder. Whence, proceeding directly as in Theo. 59. we have 


NIN XV $? — 0 vs for the Ultimator of the concave Am- 


bient MZ V formed by the Rotation of the leſſer Area VM Z 
about the Axis G H. Therefore the Content of every ſuch Am- 
bient, is equal to the Remainder, which is leſt, after the Sub- 
traction of the concave Solid V, (Theo. 59.) from the Subject 


of the Ultimator fx IVA. Tux nx LXIX. 


And if from the Sum of the laſt Cylinder P. ITT = E 


„IT added to the ſaid concave Solid V, we take the Subject 
of the Ukimetor Axl vxvs' ; the Remainder will be the Con- 
tent of the mixed Solid H, which is formed by the Rotation of 
the mixed greater Area G VKM H, about the fame Axis GH 
. From which laſt again taking the Cylinder f. IIS, we 
have the correſpondent convex Ambient MVP. And the Ulti- 
mator of their common curve Superficies (Theo. 48.) will be 


Iv. TuzokzM LXX. 


b 
Fourthly, By proceeding again, as in Theo. 67. compared with 
Theo. bs, 4 fall the LY Way find the Content T's con- 
vex Ambient MP V, which is formed by the Rotation of the 
greater Area VM P, about the Axis CD =v, to be equal to 
the Remainder, which is left, after the Subtraction of the con- 
vex Solid V (Theo. 57.) from the Subject of the Ultimator 


Is Ks, TnrOREM LXXI. 


3 3 And 
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And if ſtom the Sum of the Cylinder PIs added to the 
ſaid convex Solid V, (Theo. 57.) we take the Subject of the 
Ultimator Ass, s v* ; the Remainder will be the Content of 
the mixed concave Solid D, which is formed by the Rotation 


of the mixed lefſer Area DMK VC about the fame Axis 
CD= v. From which laſt again, taking the Cylinder f 11 v. 
we have the correſpondent concave Ambient M VZ. And the 


' Ultimator of their common curve Superficies will be = 
THEOREM LXXII. 


Proceed we now to give ſome Exam ples to the foregoing 
Theorems, 


Example 1. To determine «es Ratio of the greater Area 


PVM, and leſſer Area MVZ of the common * Parabola, to 


their circumſcribing Rectangle PVZ M. 


The Equation of chis curve, is 2 p 88s. Whence v 
= Therefore for the Ultimator of the 


greater Area, we have v 6 


(Theo. 52.) 80. == 5 . W hoſe Sub- 


ject (Theo. 50.) 18 * But $ pv. 


I 
Therefore —s 48s the greater Area 


To 
p VM; and Ann s v equals the leffer FIR MV 2. 
That is, the former equals | "two Thi rds, and the latter one Third | 
of the circumſcribing Rectangle P V 2 NI. 


M 2 Example 2. 


— 


See Parabola in the Arp cidis 


* 

. x ; » 

| 2 
P — 

[ ee 
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Exa 2. In the fame Parabola, to determine the Ratio be- 
tween the circumicribing Cylinder and the convex Solid V; 
Which is formed by *. Rotation of the greater Area V MP 

about the Axis VP = 


From the Equation of the Curve, we have 2p ss. Whence 


(Theo. 57.) b: q p =: W the Ultimator of the 


Solid V. Whoſe Subject is 15 vv. (Theo. 20.) But pv=2 55, 


therefore the Content required is LEO or (Theo. 55.) the 


one Half of its circumſcribing Cylinder. Conſequently, the cir- 
cumambient Solid formed at the ſame Time by the Leder Area 


VMZ (Theo. 58.) muſt be the other Half. 


Example 3. In the ſame Parabola, to — the Content 
of the Solid V; which is formed by the Revolution of the: leſ- 
ſer Area VM Z. about the Axis VE 8. 


The Ultimator of this Solid, from 1 1 is ; (Theo. 59. 5 


. Whoſe 82 20.) is ——, or (ſubſtitutin 
dar 0 " 20 pP n 


4 p*s* for 8.) the ſame Subject is I v1 s. That is (Theo. 55.) 


one fifth Part of its ciecumſcribing Cylinder for the Conterſt re- 
quired. Conſequently, the Solid formed at the ſame Time by 
greater Area V MP (Theo . bo.) hs ar four Fifths of the 
ſame Cylinder. 


Example 4. In the ſame Parabola, to determine the- Content 
of the SE SG M; which is formed by the Rotation 
of the greater Arca VM P. about the Axis PM s. 


Here the Sum of the — Cylinder (Theo. 5 6.) 
d vvs and concave Solid Vequal to 5% vs (found in the laſt 
Example) 
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Example) is 845 v. And becauſe v ; therefore the Ul- 
* — - ih 

timator ** vs' (Theo. 62,) is & $* s', whoſe Subject with v fix- 


ed is + s*, or (ſubſtituting 2 p v for ss) . v s Which, 
(Theo. 60.) ſubtracted from the Sum = dvs, leaves = VVUSz 
or eight Fifteenths of the circumſcribing Cylinder, for the Con- 
tent required. Conſequently, the Solid formed at the ſame Time 
by the lefſer Arca V MZ is hvvs, or ſeven Fiſteenths of 


b 5 
the circumſcribing Cylinder. 


Example 5. In the fame Parabola, to determine the Conter 
of the Concave Solid M; which is formed by the Rotation of 
the lefſer Area V MZ about the Axis MZ v. 


Here the Sum of the circumſcribing Cylinder 9 ss v and the 


ss (found in the ſecond Example) is 


31,20v. And becauſe in the Parabola =; therefore the 


convex Solid Vequal to 2; 


Ultimator 10 s v* (Theo. 64.) is _ $*5* whoſe Subject with s 
faxed is 5 or (ſubſtituting 2 p v for s) 7. su. Which, (Theo. 
64.) ſubtracted from the Sum 70 $* V, leaves Is. v; or one 


Gxth of the circumſcribing Cylinder, for the Content required. 
Conſequently, the Solid formed at the ſame Time by the greater 


Arca V MP is 21s v, or five Sixths of the circumſcribing 
Cylinder. 


Example G. 
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Example 6. Suppoſing the foregoing Figure to be the Portion 
of a common * Ellipfis, whoſe Equation is 2522 dd = 


* d 
let it be required to determine the Ratio of the ter Area 
VMP and leſſer Area VM Z, to their 2 Rectangle 
PVZ M. 


d 


OE 
— 
8 


Here we have v d- e e, Whence (Theo. 17, 21.) 
dE. — — a * $0.) the Ultimator of the 
CC—S$* 


oo 
Area required becomes x 
CC—$$* 


Series 6 8ů T2 — - $* 8% + —_ 85 80 '+Þ &c. Whoſe Subject is 


: multiplying the Series — $3 — 85 + = $? +Þ, &c. "> See 


30 8 


T heo. 54.) the greater Area required, 


Thawkre when this elliptic Area is the Ga of an El- 
if pſis, in which Caſe s and c the Semiconjugate are the _; ; 


its Value muſt be equal to de multiplied by the Series _ + 
77_ 1 429 1 0435 
—+ Eh Far; 3285) +; ——+ + — 


120 22502 
Ge 141 we put a for 4 Radius of a Cirde equal to 
tue Scmitranſverſe of the Ellipſis here, and ſubſtitute that the 
fame Way for c and s, Theo, 54. we ſhall have the Area of 
that —_ Quadrant equal to d d multiplied hy the ſame Series 


7 + * &c. Whence it follows, that the Area of every 


Tirete, oz Radius is d, is to the Area of every Ellipſis, whoſe 


Semi n is the ſame; as the tranſverſe Diameter of that El- 
lipſis is to its conjugate Diameter. 


Example 7. 


* See Ellipſis in the Appendix. 
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Example 7. Suppoſe the annexed Figure AN VC to be the 
Quadrant of a Circle, whoſe Radius VC d is the fame with 
the Semi-tranſver e V C of the inſcribed Elliptic Quadrant M VC, 
whoſe Semi- conjugate is F C c; and put VP v, PMs, 
and PN Zz. From whence let it be required to find the 
Proportion between every circular Area V N P, and its correſ- 


pondent elliptical Area VM P upon the fame Abſciſſa VP. 


In the Circle we have 2dv—vv=zz. Whence — 


or (puttiug b = 2d) 2 bo- , 
and (Theo. 52.) the Ultimator of the 


circumſcribing circular Area is bo- | 
Ss OY ＋ 5 c . * 
2b* 8þ* 16b* iF * = 
2% 5% de 21 v ad 
— . ——— ow Ce. a 
 128þ* 256b* 1024b LES: 
85 & 48 @ . | 1 
Whoſe Subject (Theo. 20.) > bt v* lefs F” "8 oe 
WO 3 
EY . 13 5 
pe * 5 28b 7 25 5 Fr 66 4 b* 
6 | | | : 
+ 5567 + Sc. equals the circular Area V N P. 
In the Ellipſis (as before) we have s = c 15 RE . or (put- 
ting b = 2d) = Fb. Whence it is manifeſt, that 


the Correſpondent inſcribed elliptical Area V MP, muſt be the 
fame with the former Area multiplied by 75 or 4 Conſequent- 
every elliptical Segment cut perpendicularly to the tranſverſe Dia- 
meter is to its correſpondent Segment cut the fame Way from 

4 


| 


| 


88 The Menſuration of | Sect. IX. 


its circumſcribing Circle, as the Conjugate Diameter 2 c is to the 
Tranſverſe Diameter 2d. 


Example 8. In the ſame Figure, , ſuppoſe FL D C to be the 
Quadrant of a Circle, whoſe Radius FC=—c is the fame with 


the Semi: conjugate of the circumſcribing Elliptical Quadrant FMVC, 
whoſe Semi-tranſverſe is VC d; and put FB = FC—MP 
X, MB=VC—VP=y, and LB=z. From hence it is 
required to find the Proportion between every circular Area 
'FLB and its correſpondent elliptical one FM B upon the ſame. 


Abſeiſſa F B. 


1 elliptical Segment cut 


Here putting b= 2c, in the Circle we have bx —x* == z*. 
Whence as ** the inſcribed circular Area F LB muſt 4 
2b K ifs E ul Series 4 | 
: * 1 5 multiplying the =+ 7k 76) . Led 
+ &c. 


And in the Ellipſis, becauſe F B=x =c—s, and MB — 
y=d—vy; the foregoing Equation of the Curve (by ſubſti- 


tuting e —x for s, and d—y for v) becomes © x — xx 


n Whence y=d IE „or (putting b==2c) y= 


.. Whence again it is manifeſt, that the — 


pondent circumſcribing elliptical Area F M B muſt be the fame 


with the former Area *— by 5 or . Conſequently, every 


dicularly to the conjugate Diameter 
is to its correſpondent gment cut 4 ſame Way from its in- 


inſcribed Circle, as the Tranſverſe * 2d is to the Cn 
gate — 2c. 


Exampl Let it be required to find the Content of the 
CONVEX york v. (ſee the laſt Figure) which is formed by the 


Rotation of the br elliptical Area VM P about its Semi- 
tranſverſe VC. 


The 
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The Equation of the Curve —y be << YT VV=S, Whence 


dd 
ſo ow. A a0. 4. 
Theo. 3. b: qc N = =: 5 — the 


Ultimator of the Content required. Whoſe Subject (Theo. 20.) 
is TC # ABT, 36.4 = 1 
1 3bdd © Abd 


linder of this Content (Theo. 56.) is E > 88%, or ( ſubſtituting 


* Iv. But the * Cy- 


2CCV — = 24 dic: 22 0 
8 8 for 88 S) RR * x04 JV. Con 


ſequently, a8 6d 3 v is to 3d — , ſo is the circumſcribing 
Cyiinder to the Coutent of every uch convex ciliptic Solid. 
Hence, 


If this elliptical Area hs the Quadrant V MFC, in which 
Caſe & is the fame with d; fo that 64—3v=3 d, and 3d— 
V= 24; it is plain that the cylindrical Content muſt be to 
the inclnded * one, as three to two. 


Example 10. Let it be required to find the Content of the 
concave Solid M, wich is rmed by the Rotation of the com- 
mon lefler Hyperbolic Area V.M Z about the Axis Z M parallel 
and equal to the Abſciſſa V P = v. 


Here the Equation of the Curve * is —— 1 + +66 WP. 
Whence proceeding directly as in the ww] Vs = £ 
the convex Solid V will be found to equal . 
Et X zd Pd, and the circum ſcribing Cylin- 

der equal to — = 6d Tad Therefore the 


3b4* & 
Sum of theſe two muſt cqual w 0 IT 4v. Then the Ul- 


N ä timator 


. 


»„—ü— 


* See $6 perovia i»; the A: Dy \CNGLX, 
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timator _—_ s (Theo. 64.) will be _— „ 


bad) 01 xbuÞoo* = 5 — the tute b 94. 


vl % vi ve vr of Fu n * 21 


i — 24 Ec. Whoſe 

2b* 8b* 16 128b 2 56b* - $669” 
5 ” 2 

— J — the Series Lie Ly 

| 3 1 88 28b“ 
3 8 
abt = 16646? 2560b? 
We © be 
Theretore oy 50 is equal to er _ ] 0 boy vv = muliphing the 


. Ly dy 
Series b* ORF 82 . + 7 — 
5 2b* 8d 16b* 8b 256b* - HF bh 
+ Sc. Which (multiplied again into the laſt foregoing Series,. 


inſtead of =, and reſtoring 2 d for b) gives the ſame Subject 


14 8 . 1 
equal to ET: multiplying the Series 8 * . - 


| 205 1 1 4895 ® | 9 hs 
Togd* 115505 + = Thongs © Oc. And this laſt ſubtracted 


from the Sum IT, To x90F-40 leaves 754 J 5 multiplying the Series: 
„ 8“! 1 
4 5 35⁴ 23 * 7 * 


Example 11. Suppoſe CV—=4d to be ah. Half tranſyerſe 
Diameter of a common Hyperbola, BC DES c its Half 
conjugate Diameter, and V P= v any Abſciſſa of the fame with 
MP= it Semiordinate : It is required to find the Content of 


the Solid, which is formed by the Revolution of the Area BDVC 
about B Cas Sc, as an Axis. 


Here 
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Here the Equation, as before, i is = x2dvÞvv=3s. Whence d- 


dd 
= LF But (Theo. 67.) the * > 


| 
VUltimator of the Solid, which is formed at 
the fame Time by the Revolution of the 


Arca AMDVC about AC, © 


. becauſe the 1 there is the ſame - — — — 
with the d here. T herefore, ſubſtituting — 89788 ＋ for d 5 


we have 2 7. for the Ultimator of AMDVC. Whoſe 


> 
Subject is 4 ab. . ber er (making b = 2 d) 2 q de +3 


But in the . 3 * s is the ſame with 2 
The Content therefore of the Solid thus formed by the Rota- 


tion of BDVC is z de gde or < qdc. Which is two 
Thirds always of the circumlcribing Cylinder. 


: wa 


Example 12, Let it be required to find the Content of the 
Solid, which is formed by the Rotation of the Area of the an- 
nexed Semicircle A EB about the Axis D B, a Tangent per- 
pendicular to its Diameter AB ac Abb, at the Point B. 


Here (Theo. 55.) the circumſcribing Cylinder muſt be qe of or 
2qCC or + qbb. And ſince in deter- 
mining the fame Solid, the Solid 
which is formed by the Rotation of 
tze leſſer Area EB D about DB 
muſt be added by Theo. 68. and 
again ſubtracted by the Form of the 
Solid. Therefore the Ultimator of 
the Complement of the Solid to its 
circumſcribing Cylinder (Theo. 70.) 


muſt be e bv. But in the 


Circle 8 — begina ing the Abſciſla v from 8 
2 


A F C 


J 
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But 


the Ultimator 2 vs. 


| 1 1 a 
by—ww*? | * | np. 4 


eo} 


is ecuil to — multiplying the Series v + + db* + 


2 


23107 
1024b* 


| 1.40088" 3507 63. 
10 7 + 7 77 


b—2v 


+ Sc. Therefore multiplying 


v', we have the Vitimator | of the 


Complement equal to to b  muktphing the Series b v 


25 FOE | 7 


r 22 4 50 22. do 1 2507 v 
2 ' | 16b* 120b ws 2 50b* _ 1024b 


— WE = oy — &c. Whoſe subject is g bios multiplying the 
11v 193 2290% . 318% 
Series 3 3 T 3ob 280b* 1oo08b' 112645 "36608b7 


22289. 1 25989 2 ; * n 
199 % 522240 b? — Ee. Conſequently, becauſe in the Solid 


required, we have AC = v c ub, its Complement will be 


be CC 
equal * multiplied by the Series. + Tio 1176” obs 


24 
-. aa RR 3 12789 2 . 
180224 1171456 12779520 66840720 * n 
fore, .. this from the nn. * qbc, we 


we i * 3 by the Series . , + 103 + 


229 4 1637 3187 12789 25089 
8064 Trot I rig T2779520 | Toe 66640720 20 + Sc. for 
the Content required. 


Example 13. 
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Example 13. In the foregoing Figure, ſuppoſe the Arc:. E 
to be deicribed._ with the Radius BY upon ine Center B: let 


MM" Be required to find the Content ot the Solid, Whic:: is fol ed 


by the Rotation ot the deini-lunula AE F St tlic Axl Air, 


Here to find the Content of the Sem- ſp! here, which 1s formed 
by the Rotation of the Quadrant AE C about the Kadius AC, 


beginning the Abtcitla from A to C, we have 2cv—-==55, 
And the Ultimator of the Hemiſphere (Theo, 57.) i s 8 * 
I ores * Subject 1s ace — But in the 
Hemiſphere v=c. Thereſore the Content of that 3 is ** — 
==, cc=+4 qcc, which is juſt two Thirds of its circum- 
ſcribing Cylinder EEE: 


Next to find the Content of the Solid, which is formed by 
the Rotation of the greater Area E F C about the Axis F C. 
Put indefinitely FC=v, and E C = = s. Then Joſt as before, we 
ger qo 

. 


have the Content equal to b XCU — 2 


here is 4 to FE—-BC b = XC, Therefore ED 


2C 


= 4 2 — E=x16—1 Ix2* 1 the Content of that Solid; 
3 C 


which, ſubducted from the foregoing Hemiſphere or Taccleares 


„ina — 14 for the Content formed by the Semi-lunula, as 


— — — . 


© 
required. 


Example 14. Suppoſing all Things ſtill as in the ſame Figure; 
let it be required to tiad the Content of the Ambient Solid, 
which is formed by the Rotation of the greater Arca FEC about 
the Axis D B, at the Diſtance CB=ED=c. 

Here 
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— 8 


Here it 1s plain, that FBR=FT=GB=2ccc. Whence, 
by the Anſwer of the laſt Queſtion, the Solid formed by the 


Rotation of the — BFEG about GB= =2Cc * muſt be the 
Hemiſphere 155 EC 2 cc*. Then, putting v = any Abſciſſa from 


G towards E whoſe Semiordinate is s, the Ultimator of the Solid 
formed at the ſame Time T the Rotation of that greater Arez 


about GB _ 57) is 7 $80”, But the Radius of this Circle : 


being 2CC, confequnty f from the known m Property of the Circle 


2GB—GDxGD=ED we have 2vx2CC* . ss. Whence 


that Ultimator equals - 55 PET =O. Whoſe Sub- 


ject is 8 . Therefore, if we mu 1 ED=c 


whence op D ee — the aid Subject will become 


9 PRES Ac be equal to. the Content of the Solid, which is 


3b 
formed by the Rotation of the Arca D E G about GD. Te 


which, if we add the included Cylinder den formed by the 


Rotation of the "mT BCED about DB, we have 2 - 
3 


Which Sum being ſub- 


Acc x 2c — 0 Mes ZE. 


3 


tracted from the Hemiſphere * 86 leaves Nees, the very 

3 
ame with the ho in the laſt Queſtion, for the Con- 
tent — in this. 
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Otherwiſe this laſt Queſtion may be anſwered, as follows. 
Draw any Semiordinate HIS parallel to FC, whole Abſciſſa 
is EIS D K = v. Whence, becauſe GD=2c Pc we 
have R= —c+ov, HK cs, and 2 GB—GK = 
2 C © + c—v. T herefore from the Property of the Circle 


— — 2 


2GB—GKxGK=HK K we have ce+2cy—vvy= C +8. 
But Theo. 65.) the Ultimator of the Solid formed by the Ro- 
tation of the * Area IHC about the Axis D K, at the 


Diſtance 1 K = c = l, is A xc+8 ve - which is here = 


— — 


— —— 4 4 * 5 A n 


xCcu*+2cuv%—v* vv, Whoſe Subject is f Jet "PEE — 2. 8 
If therefore the EI here, be the ſame with EC 


is ſuppoſed in the Queſtion ; then the ſaid Subject = equal 


= > x FCCC. Conſequently, when the included Cylinder mY e ec, 


as be fore is ſubtracted, we have Heee for the Ambient Solid | 


required, the _ as before. 


Example 15. Again in the laſt Figure, ſuppoſe GK = =v to 
be any verſed Sine or Abſciſſa, whole Sine or Semiordinate is 
HK s, in the Circle whoſe Radius is FBS GBS c rb; 

and let EI be a Part of any Chord parallel to G K, and HI 

a Part of HK, whoſe Complement to HK is IK =ED=l. 
It is required to find the Content of the convex Solid, which 
is formed by the Rotation of the greater Arca 1 E H about the 
Line E I, as an Axis. 


Here nian -i or bm from the Na- 
ture of the Circle by —v* =5$S, therefore nE 
And for the ame Reaſon, becauſe bGD- GB ED ii 


therefore bib Fbb=1F ; and conſequently DK —v 


— ” 
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——b+; 1 — EI. Whoſe Ultimator (Theo. 17.) is ve, 
the fame with that of the Abiciſſa GK. But (Theo. 55. 1 As bis 


to HTI or to q xb = , ſo is v' the Ultimator of EI 
q 3 2ql 5 a 
2 9 — * . 5 + 4 4 11, the Ultimator 


of the convex Solid about EI NN The Content therefote 


required muſt be equal to 124 — 5 11 leſs . 5 
3b 


multiplying the Subject of the Ultimator — ve. But it 
appears from the Anſwer to the wen Example above, that 
the Subject of bd * is + biw! leſs 3 multiplying the 

5 


Series 5 b b e + Sc. Therefore the Content 


— — 


10 2 l 


required muſt be equal to qQU* xb— = —qlvx% 
OY 3b 3b* 


the Product — 5 
Product of 2 a the Series GEO 7 
. 


i 2 
525. L525, Fre = o; 


1280 


Example 16. Let it be required (See the Figure of the Cy- 
cloid, after Theo. 36.) to find the greater Area VMNPV of 
the common Cycloid, the Diameter of whoſe generating Circle 

is VB=2c=b, Sec NP s, Abſciſa VP =o, and cor- 
reſpondent Arch of the Circle is NV=u. 


Here, according to the known Property of the Circle, we have 


a CU —oV? 
s =bu—w4f, whoſe Ultimator (Theo. $1) 8 and the 


20 .- 
Ultimator of the correſpendent circular Arch NV (Theo. 34) 
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0 40 | 
— — — by „ But in the Cycloid, the correſ- 
2e0—p0* 2xbev—unr 
pondent Semiordinate MPS OV has always the Part MN equal 
to the Length of the correſpondent circular Arch N V, and the 


other Part NP s. Therefore (Theo. 18.) the Sum — = 


| 2CU— vv 
4 v bo- 
+ —_ e — muſt be the Ultimator of the Cy- 
20 . - by—y v* 
cloidal Semiordinate MPS OV. Whence (Theo. 53.) we have 
12 Q 7 ve the Ultimator of the concave 
= — "re: 


Area OVM equal to BDU 4%. Now for finding the Ulti- 
mator of the convex circular Area NVP, we have (Theo. 52.) 


the Proportion, as Unity is to the Semiordinate sb ; fo 


is ve to brd v. Whence it appears, that the Ultimators of 
the concave Cycloidal Area O V M, and its correſpondent convex 
circular Area N V P are always equal, and conſequently, ſo muſt 
the Areas themſelves. But the Area of the Parallelogram MOVP, 

which is made up of the Sum of theſe two Areas with the 


included mixed Area MVN is equal to MN +NPxV P or 


u—+s$xv. Alſo the Area MVP is equal to the Area of the 
Sector NC VN. leſs the Area of the right-angled Triangle NCPN, 
or to 2 cu =. Therefore the Areas OM V and NVP : 


are together equal to cu—cs + vs, which Sum being ſub- 
tracted out of the Parallelogram M MOVP or uv vs muſt leave 


uv+cs—cu or 8y—cxu—s equal to the included mixed 
Area M VN. Conſequently, the whole convex Cycloidal Area 
VMNPYV required, is equal to vu —cuþivs—+ics - 


| 


ti. 


Hence, Mv==2c= VP, whence VNB—AB=u=:q 


er half the Circumference of the generating Circke, and S= o. 
O Tl.en 


r 
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— 6 >» = rr . LÜ—Ee—— . N= RAS e Ae 
0 Y b. 7 92 5 


2560b* 


The Menſuration of S$sct, IX. 


Then we have the concave Area QVMA equal to the Area 
of the generating Semicircle r qc ; and the included mixed 


Area AMVNB or uv+cs—cu=2qzz2cÞcxo—tqc 
qs equal to the Area of the whole generating Circle. 


Example 17. Let it be required (ſee the ſame Figure as in 
the laſt) to find the Content of the Solid, which is formed by 


the Rotation of the greater cycloidal Area M V PM about the 


Semiordinate M P, all Things being repreſented, as in the laſt. 


Here the Content is the ſame with that of the convex Solid 
M (Theo. 62.). If therefore, we ſubſtitute — a 


 brv—vy: 


mator of MP for the 8 there, we have N — 
| | BI" vs 2 


Ix n=? vo = = * re * my d v vo the Ul 
. brews 


timator of the circumambient Solid formed at the . Time by 
the Rotation of the concave Area MOV M about the fame 


Axis MP. But the Subject of the Ultimator 7. ve (ſee the 
Anſwer to the ſeventh Example is ELD leſs the Product of v 


— ltiplyi * o_ 
5 be the Sees Ib Te Frags: + 


. 


＋ c. And tt Subject of by vw 
(as this and no other Difference from the other, but the Multi- 


| plication of the Whole by v) e Ik the Product 


* 
2 
2 


mm bz 5 * EH Adr we 


multiplied 
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multiplied by A * _ leſs the Product of 


a ot 
[ multiplying the Series 2 * 2 155 | 3 


+7, + . For 4 the Whole of which put X. 


+ 


Fs: 


And the latter Subject being — by 1 is 3 


245— leſs the Product of *Y s I 
| 855 f P | 7 
3 Fr. 2. L 21 

: _= Izab. + raced: Noch + Sc. For the Whole of which 

put Z. Then (Theo, 59.) the Subject Z muſt be the Content 

of the — Solid Y which is formed by the Rotation of 

the leſſer cycloidal Area oMvo about the Axis OV. And 


this added to the circumſeribing Cylinder 55 xM P = = + 


EL makes Nu + 2; from whence x being ſubtracted 
(Theo. 60.) we have the Content — 


If therefore v = b == V B; whence u 20. and s = 0; then 
we have 2 = 5 qb* les the Product of qb* multiplied by 


the Series — >+ 8 580 . e e &c. or qb* mul- 


1E ne RY TOE” [M1 
tiplied by _ Series =” - N __ Th 732 7920 = 
| &c. equal to the Content of the Solid, which is formed by the 
Rotation of the cycloidal Area A QV M A about the Axis 


QV. And for 4 * ups +Z—X, we have the Sum of 4 
q* b added to the Product of qb* multiplied by the Series 5 


Secr, IX. 


100 De Menfuration of 


LL ad 
— F 73 7% 7 &c, From whence ſub- 


tracting the Product of ꝗ b- multiplied by the Series 2 — 


5 
LI SZ 7 gc, we have the Content of 
14 36 352 832 1280 
the Solid, which is formed by the Rotation of the greater Cy- 


cloidal Area AM VBA about the Axis AB. 


Example 18. Let it be required to determine the leſſer Area 
of the * Ciſſoid of Diocles; which is contained within the Dia- 
meter VX b of the generating Circle, the Curve VM Q &c. 
and the adjacent — XA BE &c. each aaa ad 
inſinitum. 


Here (putting PV v, and PM =5) the Equation of the 


' Whence : — 
bg. 


Conſequently, | 


— TTY Curve is — — 


timator of the leſſer Ares V M Z. But 
zs being the ſame with bs—bs—ss, 


bes“ 
therefore the fame Ultimator may be expreſſed by = — __—_ 
88“ 


bs—s bes* 


8 == —— =? . And If we put s for the Ab- 
— bs ss 


ſciſla V 2 of a Circle, whoſe Diameter in b VX, and con- 


ſequentiy, its Semiordinate 2 L=b TI, we have (Theo. 50. ) 


br so equal to the Ultimator of the greater circular Area 
* 


Sas Cillvid in- the Appendix. 
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V NLZ. Again, the Area of the Triangle VL Z is equal to 


— 98— 

LVZXZzZLSI s xbs>ss', whoſe Ultimator 2 As ſub- 

2 2 4xbs—s* 
| x i bs 
tracted from the laft Ultimator bss—$s* se leaves — 2 — 
EE - = 4x bs— $8? 
| equal (Theo. 17.) to the Ultimator of the circular Segment 
VNL V, or to one fourth Part of the Ultimator —— 
| 88 bs — ss 


Therefore, every ſuch concave Area VM Z in the Ciſſoid is 
(Theo. 17.) equal to the Remainder which is left after the Sub- 
traction of its correſpondent circular Area VNL Z out of four 
Times the Area of tne circular Segment V N L V, which anſwers 


But when the leſſer cifloidal Area is that between the Curve 
and its Aſymptote, each produced infinitely ; then it is plain that 
ZL vaniſhes to nothing; and the circular Area VNL Z be- 
comes all one with the Segment VMLYV, and each the fame 
with the Semi- circle VN LX V. Conſequently, the lefler Area 
of the Ciffoid required is equal to three Times the generating 


Example 19. The fame Things being again ſuppoſed as before, 
let it be required to find the Content of the Solid, which is 
formed by the Rotation of the ſame infinite ciſſoidal Space about 
its Aſymptote X E. 5 


Becauſe v=——,, therefore the circumſcribing Cylinder which 
n %% 0 pong 
is formed by the Rotation of the greater Area VMPV about 
2 © | 

VP will be ss vA. A multiplying the Series 1+ 
be b—s2 b 


2318* 


my 38 —_ 3680 6385 18. . 
SF im i To Tas = 
T ' 1 


and: 


10 | The Menſuration of Zecr. IX. 
E > | I 0} 

and 5 8 _—_— ns x 85 — 
2 


1 188 35S" , 31 6 6938 , 3003s 
b: 2b: | 8b+ 1 6 de 126 b⸗ sb 1 


dt 218* , 45s! , 38584 
A* m plying the Series 3 *+Y 5 1 768. 16b* 1.325555 


+ TEAR 25555 + &c. The Ultimator therefore of the con- 


1 


vex Solid 5 * 57) will be =y 85 v= * multiply- 


1 
218 458? 


An 81985 34658 
ing che Series 2 : +5 2%, 1685 25 455 AST OLED 20 48 b* 


* &c. Whoſe Subj is * multiplying the Series + + + 


bt 
| 218% 458? 3855* 8198s 24658 
4 5 b 836-7 208 208b' T 1920 1920 b· 4352 7352 TT 19456 b* . # &e, 


Which being on to the circumſcribing IG makes the 


Sum equal to * multiplying the Series - * 2 95 42 2 + 
888 918+ 94 5s5 92 85 
104. * ag2b* 05 * — 572867 3 Next (Theo. 64.) 


the Ultimator 24 88 ov an 95 Sh multiplying the Series 3 


b 
1 
| | 218? 458 335 5 81985 346885 . : 3 
＋3 + vb 107 Tt 128551 n 76245 — * 
Subject is equal to * multiplying the Series +5 ++ 
+ | 3855s* , $1985 346 550 
8325: 19 20b⸗ 8704 bs T &c. Which ſubtracted from 


2 — 


Curve Surfaces an Solids, 


the foregoing Sum leaves 0 multiplying the — — = + 


"9 2 AY A RR 
+ 355 28657 . * 2 41344b* for the Content 


of every concave Solid M, formed by the Rotation of the lefler 
cifloidal Area VM Z WV about the Axis Z M. Conſequently the 
Content required, when s is the — 58 % muſt be _ to 


abb multiplied by the Series 17 ö * 3+ 280 : 6 ＋ ot i + 
00 
. — 


Example 20. Let it be as to find the Concave Superlicies 
of the laſt Ciffoidal Content. 


Here for the Length of the Arch tay, As the Ute mator 
— — of the Abſciſſa VP is to the Ultimator 8˙ of 


5 — 


the 9 —dN PM; ſo is the dnn s to the Subnormal = 


SucT. IX 


103 


6 3 b 


— 4 
4 Whence the Normal * Ib=r Then, as the 


Subnormal is to the Normal ; or ry is to bxb—7; s*, ſo is 


the Ultimator s* of the Semiordinate to the 8 =] 
3 5 


— of the kink VM. Laſtly, (Theo, 64.) as + b 
2xb—oxb—sr 


is to aA or db, 0 is the Vltimator 2 


bs? E 
ä — 


che Ultimator 2 . .— — of the concave Superficies required. 


bog 


2 * ee 
But 553 4, uals 2b* — — ——— — 
a A w” 64b3 51 2þb3 163 84bt 


= + Ke. 


The 2 Seer. IX. 


104 
| bh $* $? 8 


2b* 8b! 16b* 12 8b 
— &c. and che — ( * N by se) of the former di- 
15s E FL A" 1138.8 
| Whoſe Subj * by q, 9 205 multiplying 


1138˙ 


"A oo = 

ms —_ 1+ 125b T 7og6b! 1 | 
ſequently, Wn s is the ſame with b, we have 2 q b multiplied 
A C . 

b by the Series 1 + - + + 7695 * &c. for the con- 
cave Superfcies required. 


Example 2 1. In the annexed * Rectangular Hyperbola, let it be re- 
quired to determine the Area, which is contained between the Se- 
micurve V MN &c. and its adjacent 2 BCDF &c, ſup- 
poſing each to be produced ad inſinitum. 


The ts Hyperbola, i is ſuch a one as has for its Afymp- 

totes the Legs 
r 

2 Da : GAF, and con- 

5 5 ſequently, its Semi- 

X DN tranſverſe Diameter 
„ - AV being the fame 

- 2-7 Yi with its Semi-conju- 

Fe". a gate V C= c (put- 

ting VP =v, and 

PMs) the Equa- 


2 C yy 5 D = Ss 8. 
NF Whence v cc 


c, or (putting AB= BV=< = v=2 nn +85" — n. 
= 


W 


** 


See Rectangular Hyperbola in the Appendix. 


tion of the Curve is 
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Produce PM to meet the Aſymptote in E, and through M draw 


QD parallel to G A and LM parallel to AD. Alſo through 
V draw ZH parallel to AD; and put z= HM—VL. 
Whence, becauſe all the Trian les here are fimilar, having equal 


Legs about the Rightangle in each, we have AB: AV — PM:QM, 
f 


4 ©: Gm re* s =QM. Alfo becauſe VP PA 
v+=2nnFir—2in+s=VQ, nd 25 : n v: 
QH; therefore QII equals £200 Þ95 -n=VH= 


2* 


the Abſciſſa of the greater Area VM HV, whoſe Semiordinate 


is an- ] = z=HM. Conſe- 


5 . 24 


2 
LY ' Conſequently, for the leſſer Area VM v. fince the U- 


N—z 
timator of HM = 2 is z*, we have (Theo. $3.) 1: — =2?; 


22 3 220 27 29 „ 2*2*, 25x —_— 
HO TITTY WT IT 


n . ns + $&c, 
Whole Subjet is 2 multiplying the Series =+ web Et 
+E+ A+; + 6c 'Whence, by the os Hate 
of MN and DF, at which Time V L muſt be equal VB. 


or 2 n, we have the fame Subject equal D396 V B mul- Þ 


ae by the Sees ++ 2+ 5+ 2+ 5b + 6s. for th 
© _ 


- formed 


106 Be Menſuration * 


Here I cannot but obſerve 2 
wy Fluxions have on into in Anſwer of 


to he. x x; an Ultimator, which by both their and our Prin- 
ciples (Theo. 20, 24.) muſt have the Subject equal to o or No- 
thing. But yet this 12 of Nothing, is unaccountably forced 


___— Fx 
to have the Subject x or = lx. By which mani- ”. 
feſt Fallacy, they have found Means to determine the Arca above F 


to be wand equal to VE or n : 


Example 22. The fame Things being * as in the aſt, 
let it be required to find the Content of the Solid, which is 
by. the Rotation of the rectangular Hyperbolic Space 
VB, MD, NF, &c. about the adjacent Afymptote BF &c. 


Here in the leſſer Area VLMV we have HM==2z' and 
vn == Whence (Theo. 63.) for * 8 — 488 


NZ DD - 


os. « ans 3 . 
(by a. or v bs - for v) we 
LS. n* 2* 2% 


292 FO oy 2 
have 35, * IS anz. Tzz equal to the Ultimator 
of the Solid, which i formed by the Rotation of the greater 


— 
Area VH N v about the Axis LM. But — — 2 is equal 


277 2 2 25 


TE . NOR EE + te. Whole | 


Subject multiplied by * 24 wequa te- 8 25 multiplying the Series 
2 3 1+ 


1 
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825 


re > + Ke. 


4. 1 
che ſame Manner, the atzen of de Ultimator dig Cl 


will be found equal to 3! multiplying be Series J. + 


LA i 
ES +£ r WE + be, qui to the Content of the 
Solid which is formed (Theo. 55.) by the Rotation of the 
greater Arca V HMV. t the Abſciſſa v H. Which latter 


Subject added to the circumſeribing h EE, or to Lz. 


ener hi the gts: ＋ l OY bea. makes — 


sam equal to f a. multiplying the Series 42 ? + = 4 


102? 


+ * —=+ = "= MY &c. From which Sum the former Sub- 


* being ſubtracted 64.) leaves 5. 2 mukiphying the 


wal &c. or dug 


b 


E+ 6 tas += I . e = 


| on, oa 27 


— 


tiplyin the Series = —— 2 SIE 
a” * 7 n! * Tre 


„ 
+ xF— +& for the Content of the Solid 
= iy 
formed by the Rotation of the lefier Area VLMY about the 
Aris LM. But when the Axis L M coincides with the Aſymp- 
tote BF &c. it is plain that VL muſt be the fame with 
VB or Zz n. . the Content required muſt be 


Ps equal 


| 2+ 


Ae Menſuration of 


1.08, 


equal to FLY Sides by the Series 7 3 755 


e DIE — 


2 E 23. Let be required to find the oe Se 
"the laſt Hyperbolic Content. 2 


| Here put MD=y=n—z ; whence z==HM==n—=y, and vH 


r Then for the Length of the Arch VM fay. Azthe 


Ultimator N ofthe Ablcifls VH is to the Ukimatory* ofthe be- 
ordinate N M; ſo is the — Oo ; 


Nor. 


— pp—_ 


Whence the Normal is 2 Tf Next, as tho 
pi gt KT: 

Subnormal is to the Normal, or as y* way: of the 

Arch v N. Lan Theo, 64) b gy, ok 2 


1 10 S : the Ultimator of as Concave ages 


l — — equals | — +: 
ET 9 


oo 2154 
TE FE OE. ET + &c, . Therefore the fame Ulti 


12 


timator » equal to P multiplying the Series 24 . 
Wr gy, x. K. &c. The Sub- 


$0*T Ton 1280 F 2560'* 1024n** 


je of all which, excepting 2ILL equals b ankiphing the 


Series 
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ye EX. .-ARE...AMLS 
> 3n* Lt 1920" * * 1z20n ar 


2048 n ˙2õ⁵ẽR 5 
+ &c. Which, when y (as here) rat odd 


I 


makes A n- multiplied by the Series ——— — 


b : 32 90 1024 
7560 Ht * To this we muſt add the Subject 


2qn*y 


of 7 Y, which (as has been ſhemn) can in itſelf have no U- 
timator : But by reſtoring n— 2 for y and —2* for V., the 
fame Ultimator becomes — = 2 — multiplying the 


—— 
— 


ben — z 
Se a +290 + ZE DE. e + &. 


Whoſe Subje, after 2 16 made equal to v. gives — Fat mu- 
 tplied by the Sete. Lo LT +g+5 + 6c. u. 


Conſequently, the Superficies —Y a to +Y—X; 
and. not to nn+X, as has. been hitherto falſely ys. 


le 24. Let it be required to find the Content ol of the 
Ambient Solid, which is formed by the Rotation (ſee the laſt 
Figure) of the leſſer Hyperbolic Area V LM V- about the Part 
Z K of the "m— Aſymptote AG OO ORD 


Mn as before, we have VL= edits ZV=VB=n, and 


V H =LM= = — Whence, the Cylinder | formed at is 


ms Time by the Rotation of the Rectangle Z VL about 
ä 2 2K 


. ³˙wꝛ ce 


| (Theo, 67.) Pele (by puting 2 for e n for l. 2 


Gn by the Rotation of the mixed Area Z VLK + VL 


Ker. IX. 


ZK is an z, the Cylinder formed by the Rotation of the 
Reckangle ZHMK about 2 K is 7„— and conſequently 


the cylindrical Ambient formed at the fume Time by the Ro- 


x10 


Og OE" 
tation of the Reftangle V H ML is {x ==, _— onz=f 


_ 


212 -n 2 a 21—2 


3 er x =; « | Therefore, the Ultimator 


NZ 
n*z® | | 


for v) equal to 2 n“ x, is the Ultimator of the Solid Con- 


124 


| tent formed at the ſame Time by the Rotation of the mixed 


n*2® E — 


| Area ZVLKTVTMV. Bit — = +5 T 


mz 
62520 


EL SELL SED þ oe, Whole Subject is x + + 


6 
1 f. ＋ . Be + &c. i: Conſequently, the Solid 


q nz gn*z . 1 
* to p n: _ — But —— | * 


the — Cylinder. Therefore i its circumſeribing Cylinder 


: q n*z 


GED is always to the faid mixed Selig = 2s n to 


* en Henes, des mized Sal 


b 
made 


Sher. I. 1 
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made leſs by the Cylinder f nn 2 gives "== for the'Conteat 


22 
N | 


of the ambient Solid required, That is, as n or K L is to >. 


or LM, fo is the Cylinder t- u nz (whoſe Radius is KL n, 


and Height is VL=2) to I=— the correſpondent ambient 
8 | __ 


Solid required. Otherwiſe, multiplying this ambient Solid by 


NZ niz — n 25 


, the fame may be expreſſed by px er. Which 
mers that its circumſeribing ambient Cylinder x . — is 


is to it, as 2n—z is to nz, or (by ſubſtituting „ Mp * 


I have dwelt longer upon the Anſwer to this ton, to 
ſhew the grofs Abſurdities into which Men are led, by blindly 
giving up their Underſtandings to thoſe Chimeras of Fluxions by 
which they can perſuade themſelves, that they are able to do- 
Impoſſibilities. A notorious Inſtance ef which is to be ſeen in 
Mr. Fhdgſon's Fluxions, Page 352 : Where it is nded to de- 
termine Content of the Solid formed by the Rotation of 
the Hyperbolic Space VB, M D, NF, &c. about the oppoſite. 
Aſymptote Z A. A Taſk as impoſſible to be performed, as for 
a Man to confine the whole Univerſe within the Compaſs of 
a Nut-ſhell. But notwithſtanding, after a ſurpriſing Manner, that 
infinite Content is in that Place found equal to no more, if E 


underſtand the Gentleman rightly, than =, — = mh 


ow 2 And yet it is plain to any one of an ord- 
nn 


dinary Capacity, that (for Example) if KM=A D = I = 


— 
OY : 


dbb The Menſuration of sacr. XI. 


— 1000000. (Whence z=VL=0, 999999, and * 
0. 000001) we have (making b =2n—2) the Content of the 
right Cylinder m by the Rotation of KM D A K about the 


Axis A K equal to 2 1, 1000000 = 5000009. All which and an 


infinite Quantity more, , muſt be contained within — 2 g. If Flu- 


xions can do this, 1 muſt acknowledge them much above my 
Comprehenſion. * 


The Truth is, whenever an Abſciſa, VH= I in che 


2 8 
Hyperbola or Viet... in the Cifſoid (ſee their reſpeQtive 
bn 
Figures before) ; where the Diviſors n—z 3 decreaſe ad 
inſinitum as 2 and s encreaſe : Then in finding the Contents of 
the Solids formed by the Rotation of the Rectangle ZHMK 
about Z K to the West or the Rectangle VPM Z about 
VZ to the Ciſſoid 2 be obliged to expreſs the final An- 
ſwer by an infinite Series, the greater 2 or s are, the more 
always ſhall its reſpective Series err from the Truth. So that in 
that Caſe we muſt expreſs the Semiordinate by the Abſcifla ; 
and not, as in the faregoing Examples, the Abſciſſa by the Se- 
miordinate. And conſequently, every Aſymptotical Solid formed 
this Way, muſt be as infinitely great, as the 323 
infinitely lang 


What remains concerning other Sorts of Curves, I refer to 
the Appendix, where I ſhall treat of them more methodically. 
In the mean Time obſerve, that I have all along purpoſely om- 
mitted treating of them under univerſal Exponents, as a needleſs 
Puzzling 1 Since the Solution of any one Parti- 
cular, is a plain Diſcovery how we are to proceed in every 
other of the fame Claſſis; which ſhall be OY Os. 


THE 


) 


THE 


ption of 


Concerning the Nature and Deſcri 


Curves. 


"2 
Of the Kinds of Curves in general. 


Cm \ VERY Line may be conſidered, as generated by the 
Motion of an indiviſible Point; and if tue Motion of 


uch generating Point aim always at the ſame immove- 
x able Point, it is ſaid to keep the ſame Direction; but 
if it aim at firſt one Point and then another, it is ſaid to change 
its Direction. 5 


A Right-line is that whoſe generating Point keeps always the 
fame Direction: And a Curve-line is that whoſe generating Point 
always changes its Direction; the Side turning towards itle.f be- 
ing called Concave, and that turning from itielf Convex. 


A Mathematical Curve is one whoſe: Direction is always con- 
fined to the fame fixcd Law or Condition. And whea that Law 
can be exprefled by an Equation conſiſting of only one Varient, 
it is plain, that (in determining the Length of the Curve irom 
that Equation) every Dimenfion of the Variant (Sect. VII.) 

muſt be rciirainci to the fame Root. That is, in other 1 _ 
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the Equation muſt be reduced to its Ultimate. For fince, as 
has been ſhewn, every Equation conſiſts of as many Roots of 
its Variant, as that Variant conſiſts of Dimenſions ; and ſuch Roots 
are generally of widely different Values : Hence, if the Equation. 
be left, as it is in itſelf without any Reſtriction. of its Roots, 
the Variant muſt have different Values ; and conſequently the 

the Curve is not confined to the fame Law, which is contrary 
to the Suppoſition. It follows therefore, that no Equation, of how 
many Variants ſoever it conſiſts, can expreſs the invariable Law 
of a Curve, but as every one of thoſe Variants under its diffe- 
rent Dimenſions and Combinations with every other Variant 
is reſtrained to the ſame Root, or as it is reducible to an Ul- 


tiimate. TuRORREM I. + 


' finite, when the Dimenſions of its 


With Reſpect therefore to the Form of the Equations, by which 
the Law of any Curve is expreſſed, we ſhall uſe that known 
Diſtinction of Curves into Tranſcendental, and Algebraical. 


A Tranſcendental Curve is one, which cannot be expreſſed by a 
fixed Algebraic Equation ; as being not always fixed to the fame 
Equation in every Point of the Curve. RS 


* 


An Agebraical Curve is ſuch a one, as in every Point expreſſed 
by the ſame Equation. And this again may be called either In- 
Equation are infinite, and con- 
ſequently the Equation itſelf is expreſſed by an infinite Series; 
or Finite, when it is expreſſed in finite Terms. . 


And all thoſe Finite Curves are faid to belong to the fame 
Family, whoſe Equations follow the ſame Form, i. e. have the 
fame correſpondent variable and invariable Terms. under the ſame 
Signs, with no other Difference than in the Dimenſions of thoſe 
Terms, by which they are denominated to be of a higher or 
lower Order in that Family. Thus, for Example, in the Circle, 
whoſe Diameter is b 2c, Abſciſſa v, and Semiordinate s, as 
before; the 


fand indeed the only one, which can truly be called a Circle) 
is bo- v.. ss. The Equation of the Circle of the ſecond Order is 
bo- =8*, or bbu—v*—s?* : The Equation of the third Order is 
bu'— vs, or b*y*—y*=5* or b'vu—y*+=s+; And univerſally the 


Equation of the Circle of the firſt and loweſ# Order 
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Equation of Circles of every Order is b* v* — um n = smn. 
Where every one is at Liberty to ſubſtitute any poſſible Num- 
bers for m and n, to which his Phancy ſhall guide him. And 
fo for any other Curve. TugORRN II. 


Now with Reſpect to their Generation or Deſcription, the 
prime Diviſion of Mathematical Curves is, I conceive, that they 


are all either ſuch as can have no two Parts of the ſame Curve © 


in the ſame Plane; like the Worm of a Screw: Or elſe arc 
ſuch as have all their Parts coincident with the ſame Plane. Of 
which latter Sort only, 1 ſhall treat here. N 


All Curves therefore capable of lying in the ſame Plane, with 
_ to their Generation, may be five Ways diſtinguiſhed. 


Firſt, All ſuch Curves are either Sprre{, which by ſome cer- 
tain Law, keep continually revolving about the ſame Point or 
Center, (moveable or immoveable) till they terminate in that 
Point: Or Vertical Curves of which Sort are all the Curves in 
the A (ex the Archimedean and Parabolic 
Spirals in eight Section), which on each Side the Vertex 
include always equal and ſimilar Areas between the Curve itſelf, 
the Abſciſſa VP, and their reſpective right Semiordinates PM. 


Secondly, Vertical Curves ere either Aufugient, which on each 
Side from the Vertex V, do always depart further from the Right 
Axis VP: Or Revertent, which, in their Departure on each 

___ the Vertex V, do mect again in the fame Point in 
| _——_ 


Thirdly, Aufugient Cur ves are either Determinate, whoſe Right 
Axis is of a determinate Length, not to be exceeded; as the 
 -Quadratrix and Cychid : Or Indeterminate, whoſe Right Axis to- 
gether with the Curve on each Side, may be produced ad infi- 
nitum; as the Parabola, Hyperbola, &c. 5 


Fourthly, Revertent Curves are either Bipertite, whoſe Wholes 
can be divided into no more than two Parts ſimilar and equal 
to each other, by the Right Axis; as the Pirsformis and Oval 

5 22 5 „ 
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to be ſeen hereafter : Or Quadripertite, whoſe Wholes are both 
divided into two ſuch congruous Parts by the Axis, and each of 
thoſe again into two other Parts ſimilar and equal to each other, 
by the Ordinate that biſects the Axis; as the Circle and 
E. lipſis. N 


Hijſthhy, Every Algebraic Curve univerſally may be ſaid to be 
Conſtant, when all thoſe of the ſame Sort and Order, expreſſed 


buy the ſame Equation, do exactly keep the ſame Form, and are 


always perfectly ſimilar to each other; as the Circle, Parabola, 
_ Ciſſerd, Cyclid, &c. Or Variable, when thoſe of the fame Sort 
and Order, expreſſed by the fame Equation, may put on an In- 
finity of different Forms, at the utmoſt Diſſimilarity from each 
other; as the Ellipfis, Hyperbola, Conchoid, ce. 


| Here it will be ealy to | conceive that every Curve, whoſe 


Equation conſiſts of but one only Invariable Quantity, muſt be, 


Conſtant, And on the contrary every Curve, whole Equation 
conſiſts of different Invariables, muſt be as Variable as thoſe in- 
_ cluded Invariables can have Differences between themſelves. 

TuEOREM III. — I: 1 5 ES 55 
Thus, if the Equation of a Family of Curves, wherein b=2, 
be == ln; then this Equation (as ſhall 
be ſhewn hereafter) 'may include in it a whole Family of both 
Ellipſes, and that of the Circles along with it. For the latter, 
as appears from their Equation above, is only a particular Ex- 
ample of this, wherein d or + b and c are the fame, Con- 
ſectary 1. $ e 15 
80 again, if che Equation of a Family of Curves, wherein 
b 2 d, be o ele then thisis the Equa- 
tion (as ſhall be ſhewn hereafter) of all both Oblique and Rectangular 
Hyperbolas. For the general Equation of the latter will be ſhewn 
to be bꝰ v + unt = g8mn, which is only a particular Example 
of the former, wherein after the fame Manner d or : b and 
c are the fame. Cenſeffary 2, | 


Whence 
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Whence it appears, that each Order of Circles has exactly 
the ſame Relation to all the Variety of Ellipſes of the ſame 
Ordar ; which the Rectangular Hyperbola of the like Order has 
to all its equipollent Oblique- angular Hyperbolas, whether Obtuſe 
or Acute. Conſectary 3. 


II. 
Of the Parabola. 


CO UPPOSE V to be the Center of a Circle, whoſe Diame- 
ter is AB= b, or whoſe Radius is AV = VP=ib=p. 
roduced indefinitely from B to P; to which ere@ an indefinite 
erpendicular from B | 8 5 
to M. In the Right- 
line A V P &c. to the EP”. 
Right-hand of V, aſ- — 
ſume a Number of / 1 
Points 1, 2, 3, 4, 5, 
&c. as ſo many Cen- N 
ters (the greater Num- 


ber the better, eſpecial.·˖- · NIZ BB \C\[EN\|F G 
ly the nearer V), and A . 
with the Radi Ai, CE 
A2, A3, A4, &c. B 
deſcribe ſo many Se- EB ———ů— 
micircles; as A HC, 5 B ON 
AIE, AKF, ALG, &c. VE— 


Draw VP, as an Axis 9 
perpendicular to AV, to |_ 
which, at a convenient 
Diſtance draw B G pa- 
rallel, and upon each i 
of theſe from the Line 3 8 
AP lay off BC VC, BE VE, BF VF, BG= VG, 

&c, as ſo many Abſciſſæ from V, drawing CC, E E, FF, G 3 


D 
— 
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all parallel to AP above. On ech of which laſt Parallels = 
BH, BI, BK, BL, Sc. of the reſpect ve Semi-circles above, 

fo many Semiordinates to their reſpective Ahſeiſſæ upon the Ani : 
VP below. Then the Curve drawn through the Vertex V, and 
the Extremities H, I. K, L, &c. of theſe S:miordinates will be a 
Semi- parabola. For in every one of the Semicircles above, ſor 
Example the Semicircle A HC, becauſe A E is always equal to 
b or 2 p, if we put BC u, and BHs, then from the known 


Property of the Circle, we have ABxBC= BH or by ss 
or 2 ps s the Equation of the Parabela, whoſe Right Para- 
meter or Latus rectum is AB=b==zp, Conſed?. * 


When therefore che Semiordinate s is the fame with p= 


we have 2pv=pp. Whence v =: p— the Diſtance upon 
the Axis VP of the Point called the Focus irom the Vertex 
V. Conſe. 5. 


Whence the univerſal to the whole Family of Fo- 
2 2.) muſt be b v 1 Cenſect. 6. ; 


R 


— — 


III. 
Of the Rectangular Hyperbola. la. 
F in the foregoing Fi of Semicircles (to the ſame Parameter | 


AB=b, and Abſciſſæ BC, BE, BF, BG, Cc. = v) we make 
reſpective Semiordinates equal to the Chords CH, EI, FK, 


GL, Tc. =s; then we have (for Example) BH +BC H = 


ss, or BH + vv=5ss, But by the laſt BH =bv=zpo." 
Therefore the Equation of this Curve is bu +vv=ss or 2pv 


+vv=ss, the Equation of the rectangular tins whoſe 
Parameter is — Conſe, 7. 


1 


VB, 
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When therefore the Semiordinate s is the ſame with p=VD, 


we have 2 pv + vv=pp. Whence 2 — 1c» is the 
Focal Diſtance from the Vertex B. Conſect. 8. 


And if we draw BQ parallel and equal to V D=p 
Ing the Hypothenuſe V Q of the Triangle V BQ to 
fince every Triangle 
VBQ, VCR, VES, VFT, 
Sc. is right an pled, and 
has its Legs VB=BQ, 
VC= CR, VE=ES, 

VE=FT, &c. it is plain 
we muſt every where 
| have CR, ES, FT, GU, 
PW, &c. equal to p+v 


or to pP 88. Conſe- 


2 ont = B 
always be greater = 1 _ 9 * 
its correſponding s, and [ by, 
yet muſt always the fur- 8 I v 
er the Curve is pro- — — d 
duced. from its Vertex, 1 3 *. 
approach nearer to an E- FFW 
quality with s, by the 
Portions HR, IS, K T, LU, MW. Ge. which Jn the Value 
of their reſpective Semiordinates, vill always be _ to 
5p  Conſed?. 9. 
Whence the Right-line V W from the Property it thus re- 
 ceives (of approaching e where nearer and nearer to the 


Curve, without all Poffibility of ever 2 it) is- called the 
Aſymptote of the Semi-curve. 


The univerſal ion therefore to the Family of Refergular | 
Hyperbolas (Theo. 2.) is bu ont . Canſect. 10. 


4 ” Þ 


5 * 


. 


y . 


NS 


— 8842 


VMAB. The Property of which Curve will be had, 
follows. 
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IV. 
Of the Ellipſis. 


T* two Ri oht-lines AG,VB of different Length bilect each 
other — at Right Angles in C; and a Ruler MN 
whole Length is equal to VC= CB= d be any how laid 
| upon the ſame Plane; fo 
as to have Ac CG 
MES c always above 
VB, and the lower Ex- 
tremity any where in the 
1 Right-line CG. Then 
B wil the higher Extremity 
M be always in ſome 
Point of the Semi-curve 
VMAB. And the fame 
being done on both Sides 
CG, with the Point N 
a the 3 4 always in 
AG, jury the Length ME=CG=c k ery where be- 
low CG; the lower Semi- curve VGB wil — x 4 ſame Way 
deſcribed by the Point M fimilar and equal to the * f 


N 


D 


Draw the Semi-ordinate MP es, whoſe Abſciſſa 8 muſt 
be VP u. Whence PC=VC—VP=d—v. And W- AC 
— MN-—ME=—=EN=—=d—c. Then by Reaſon of the ſimilar Tri- 


angles EMP and EN C, we have compoundedly PE+EC : 


PE=ME+EN: ME or d — u: PES d: c. Whence P 


72 2 


* es- MP cc = 88 and PE 7 = 


css, OT CC2 4 7 +5 V v c — 88. Conſequently, the 
Equation 


The Ellipls. 121 


Equation of this Curve is 2dv—ov—= = The ſame with th.t 


of the Ellip/is, whoſe Tranſverſe Diameter is b= 2 d, and its 
conjugate Diameter is 2 c. Conſect. 11. 


Or, if we aſſume that Semiordinate or Right Parameter DF 
=Þ, between which and the Semitranſverſe V C — CB d, the 
Semiconjugate AC=CG=c is a mean — whence 


cc=pd, and d==: then ſubſtituting for cc or for d, the 


fame Equation will be expreſſed by 2dv—uv= n or 8 


— SS. Conſect. 12. 
53 . 
Conſequently, if in the Equation 2dv—vv== 88, we make 
p=DF=s, we have 2dv—vv=dp ; whence v=VF=BF=—=d— 
Tap! — the focal Diſtance upon the Tranſverſe VB, 
Cunſect. 13. 2 
n if we withe e a — 
=2; then by ſubſtituting c—x for e, and — for v in the 
. Equation r . the Equation of the Curve be- 
comes e =2Cx—XXx. Or putting DR=FC=VF= 


ic 3 whence PP= Thee! the ſame E- 


_ Conſe. 14. 


quation ſtill is expreſſed by 2 —X Ne Io 


R * 
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Conſequently, if in the laſt Equation, we make I=DR =2, 


| we have 2cX—Xx=- II Whence x =R G=c— — — 
wh bach cc+11* 


equals the focal Diſtance upon the Conjugate AG. Conſecf. 1 5. 
The univerſal Equation therefore to the Family of E llip ſes 
_ (Conſeft, 11.) is b. — d = oy gn", Conſe. 16, 


he 


v. 
"Ir Of the Hyperbola 17 general. 


UPPOSE a given rectilineal Ifoceles Triangle NGN, whoſe 

0 Baſe NN is biſected in V by the Perpendicular GV (Fig. 1.) 
and both Sides G N, GN, with the P dicular G V are inde- 
„„ TER itely produced down- 
Fig. 1, wards to 6 and U. Let 
1 a Number of Lines be 


74 drawn below parallel to 
* EE N N, meeting the pro- 
N N e duced Sides in 1, 2, 3, 


3 | 4, 5, 6, &c. and cut- 
EY ting the Perpendicular in 
1 Bw 


4) oe , 
=” OE: 4 4 


P, Q, R, 8, T, U, &c. 


Make XY (Fig. 2.) equal 
to NV (Fig. 1.) to which 


at each Extremity erect 


the Perpendiculars X F, 
YZ; and with the Radii 


YP, YQ, YR, YS, YT, VU, Gr. (Fig. 2.) which are reſpec- 
tively equal to PI, Qz, RZ, 84, T'5, U6, Cc. (Fig. 1.) deſcribe 
the Arches YA, YB, YC, VD, YE, YF, Sc. meeting XF in 
A,B, C, D, E, F, Sc. Then lay the Extents XA, XB, 7 8 


2 


The Hyperbola in general. 123 


XD, XE, XF, Sc. (Fig. 2.) reſpectively upon the Parallels (Fig. 7.) 
on both Extremities over GU, That is, from each Point 1 to 
its remoter Point A; ſo from 2 to B, 3 to C, 4 to D, 5 to 
E, 6 to F, &c. on each Side the fame Way. And the Curve 
paſſing through the Points A, B. C, D, E, F, Sc. on both Sides 
(Fig. 1.) from V will be an Hyperbola, whoſe Vertex is V, half 
tranſverſe Diameter is GV d, half conjugate Diameter is NV 
—=XY=c, NGN its Angle, and the indefinite Right-lines 
G6, G6, on each Side its Aſymptotes. 


For the Equation of which Curve (for Example) we have 
(Fig. 1.) GR=GV+VR=d+v, and CR=s. And by 
Reaſon of the Similarity 5 „%% 
of the Triangles GNV Fig. 2. 
and G3R, we have GV 
NVU 
d ; c=d ＋ b <DF<2 
SZR. Therefore the 


Diſtance from 3 in the 
Aſymptote to its remoter t 
Point C in the Curve 3 —2 


% TY 


da RRR 3 
=SITTE 3C+CR+RC. Which is the fame with XC 


=—= YL (Fig. 2). And LM (Fig. 2.) muſt equal YM —YL 
1 vx __2cdþ2w 8 cdþcv+ds cd c- ds _ 
from the known Property of the Circle (Fig. 2.) we have Y L 
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— CC, 


Whence 2dv-+vv= © 55 the Equation of the Hyperbola in ge- 
neral. Which, when G V is greater than N V, makes the Curve 
_ Acute-angular; when FV and NV are equal, Rectangular; and, 
when NV is greater than G V, Obtuſe- angular. Conſech. 17. 
3 R 2 And 
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And LM (Fig. 2. == s will always equal the 
Diſtance of the adjacent Aſymptote upon the Semiordinate pro- 
duced. Confef, 18. e 


Allo, if (as in the Ellipfis) we aſſume that Semiordinate or 
Right Parameter equal p, between which and the Semi-tranſverſe 
d, the Semiconjugate c is a mean Proportional, whence cc=pd ; 
then ſubſtituting for cc, the Equation will be 2 d t v 
5 ss, or (making b=2d) ber 5 ss. Conſequently, when 


p equals s, the focal Diſtance in this Curve will be v = 


Tap —d. Conſedt. 19. 
| Therefore the univerſal Equation (Theo. 2.) to the Family of 


Hyperbolas is b- w wet te. Conſeet. 20. 
VI. - 


F tbe Piriformis. 


UPPOSE the circular Quadrant VABCDEFZ, whoſe Cen- 
0 ter is X, Radii VX=ZX, and its Chord VZ. Let many 
Parallels be drawn to ZX from the Points P, Q, R, 8, T, U, &c. 
to cut the Quadrant in A, B, C, D, E, F, &c. and the Chard 
in 1, 2, O, 3, 4, 5, Cc. Then lay the Extent Al, Ba, CO, 
D3, E4, Fs, Ge. reſpectively from P to M, Q to N, R to O, 
8 to I., T to W. U to Y, Cc. And the Curve-line paſſing 
through the Points V, M, N, O, L, W, Y, &c. X, with the 
like on the other Side of of the Axis VX will form a Curve 
in the Reſemblance of a Pear. Which for that Reaſon may be 
called a P:riformis. Whoſe Abſciſſæ are VP, VO, VR, Ge. 
and their reſpective Semiordinates PM, QN, RO, Cc. it is re- 
9 2 quired 


— 4 
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required to determine the Law, &c. of this Curve. Suppoſing 
the given Radius VX=ZX=c, the Scmiordinate MPs, and its 
reſpective Abſciſſa VP=v, 


Here we know, from the OT of a — 2 


that VX ＋ ZX =2cc=VZ, or VZ 20 ze cf =2* x c. 


And from the known N of the Circle A AP =2VX—VPs 
' 


vp, or AP Sac -= But VP=v=1P, and from the De- 


ſcription of the Curve A1=MP=AP—1P=AP—V P=ZTT—q v* 
—v=s, the Equation of the Curve. Cinſett. 21, 


Therefore, to make 8 che greateſt, we have — — 2 


2CV—vy* 


= ; 
=o. Whence in that Caſe, VECXI=—0. 5 VX VZ, and 
5 wel x 7 —1=V 2 — VX. — 22. 


1 
Alſo — b = 2c, whence the Equation becomes be V. 
— us, we have 09” IX. 


Theo. 52.) — UV? u.;  |_ — * 
the Ultimator of every Area MV „ 


1 3 

PM, But N v (Sect. IX. 
Example 7.) is Ultimator of 
the correſ 4 circular Area 
APA, and v' is the Ultimator 
of + vv or of half the Square of 

VP: Therefore in this Curve every 
Area MVPM is equal to the Diffe- 
rence between its half correſpondent = | 
circular Segment AVP A and half the Square of * Abſciſſa VP. 
Conſequentſy the Area A V M A is always equal to half the Square 
of che Abſciſſ VP. Conſect. 23, 24. 


Hence 
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Hence it follows, that the Area of the whole Piriformis 1s 
equal to the Difference between the Area of its circumſcribing 
Semi- circle, and the Square of its Semidiameter or Radius Conſect. 25. 
Laſtly, The univerſal Equation (Theo. 2.) to the Family of 

1 


Piriforms is bu öf-. Conſef?. 26. 


* 2 a 


VII. 
Of the Oval. 


OC UPPOSE a Circle, whoſe Center is X, upper Quadrant 
AX, and lower Quadrant AVX, upon the Diameter GV 
„„ 1 — b—2c. Let any Number of 
. Chord-lines BV, CV, DV, Sc. 
. de drawn from the upper Quadran- 
tal Arch AG to the lower Ex- 


cutting AX in 1, 2, 3, Sc. and 
| lay the 1 V, 2V, 19. &. re- 
ſpectively from B to L, C to M, 
D to N, Sc. then the Curve- line 
| paſſing through the Points V, L, 
M, N, O, Q, &c. on both Sides 
the Axis VX from its Reſem- 
blance to an Egg may be called 
an Oval; the Proportion between 
— whoſeRight Semiordinates and their 
fxreſpective Abſciſſæ is required to 
be determined. 

Let (for Example) the Semior- 
dinate be MP —s, whoſe Ab- 
ſciſſa is VP = v. Whence 


VM ssl, and VP: VM 
| 1 1 
VX: V2, or wv: ds c: V2=CM 


5 


tremity V of the Diameter GV, 
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by Conſtruction. Then CM-+VM=—VC — 45 xvoE+s, BP 


SS 5 
and VM:VP=VC:VH, or v 58 c 


:c+v=V H. Whence HX , and GH= c—y; and 


from the known Property of a Circle (viz. GHxVH= C H 


c- vnc u) we have cc—vv*— CH. But again, from 
the Similarity of the Triangles, we have VP: MP =V H: CH, 


or v:8=c+v: en tr of. 
"== 2 EE 
cc—yv*, or $8% —y = wy, or (dividing both Sides 


U 4 1 = C—v, Whence the Equation of this 


UV 


| 3 cv = —Yy 
Curve is ss 


C — 

Therefore to make s here the greateſt, that it poſſibly can 
v = —=2CV* V%— 2 

be, we have — — Faw — = = o. Whence n 


— 


2 — 


| | I 
ty _— We have eee - or v=4 cx 1. 


OY 


Whence _— _ 


And if we put XP —vu (taking the Abſciſſa 8 X) * 
ſubſtituting c—u for v in the 27th Conſectary, we have 356 
cu-acu! Tu“ 


— for the Equation of. the Curve, Conſect. 29 


anni 
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According to which laſt, the univerſal Equation of the Family 


—N 
of ſuch Ovals will be bos“ — ut 87 = 1 bon Ku“. Con- 
ſeclary 30. 


VIII. 
of the Ciſſoid. 


1 ET XE be a Tangent to the Diameter VX b of the 
Semicircle VNL OX; ſee the Figure to Example 18. 
Set. IX. To which Tangent X E on every one of its Secants 


V B drawn from the other Extremity V of the Diameter make 


VM equal to OB; then the Curve line drawn from V through 
every one of thoſe Points M is by Dzecles the Inventor called a 
Ciſſeid, whoſe Abſciſſæ are VPS ZMS v, and their reſpec- 
tive Semiordinates PM VZ—s. Conſequently ZX = MA 
b, ſince Z L is parallel to VP, and both parallel to X E. 


Draw OR parallel to VX, and OS parallel to XE. Then 
becauſe by Conſtruction, we have O B equal to VM, and the 
Triangles O B R and V MP are ſimilar; therefore PM OR 
—S$X=5s; whence VS=b —s. Conſequently, from the Na- 


| Ea —2 

ture of the Circle VSxSX= bs— ss 80. But again 
from the Similiarity of the Right angled Triangles VZ M and 
VSO we have VZ: ZMS VS: 8 O, ors: v = b—s: vx 
= = $S O; whence vv x = =65 O = ba—os. And 


dividing both Sides by b—s we have vn > =s, or vv= 


— . . *. 


Hence; 
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Hence, becauſe here ZX = V 5 =b —s, whence ZL 280 
= 7 a= Therefore in the Ciſſid of the Circle we have al- 
ways V2: ZX=ZM:7L. Conſect. 32. 


It appears then (ſee the ſame Figure as in the laſt) that every 
Revertent Curve V NL OX may have its peculiar Ciſſoid VMC, 


by making V M ftill the fame Way equal to OB; the Right 


Axis of generating Revertent being VX, to which VT and 
XE are perpendicular at each Extremity. Whence, if VT be 
the Axis of the generated Ciſſoid; then XE will be its Aſymp- 
tote, and the Semi-ordinate PM VZ of the Ciſſoĩd will al- 
ways equal OR or SX, the Complement of the correſpondent 
Abſciſſa VS (of the Revertent) to its Axis VX. That is PM 
=SX= S Comſect. 33. 


Alſo in every Ciſſoid v M, As the inden PM Vz 
is to its Abſciſſa VP Z M, ſo is the correſpondent Abſciſſa V 8 
of the generating Revertent to its Semiordinate S O. Conſect. 34. 


_—_ Example, if the generating Revertent be a Piriformis, where 

VX =c, the Extremity neareſt its greateſt Semiordinate being 
V; then putting VP—=ZM=v, and PM=VZ=SX 
(Conſe#. 33.) es, we have VS X—$X=c—s. Which 


laſt (being ſubſtituted for v, Cunſect. 21.) gives — — 


280. But (by n 34.) — Whence cc s. 


— I? . 


| 4 of this Tam ce 35. 


Again, if the generating Revertent be an Oral, 8 Axis 
VX = c, the Extremity neareſt its greateſt Ordinate being V; 
then putting VPS Z M = v, and PM VZ SX Tic 33.) 
=5$, we have VS=VX—S c- s. Which laſt (being 
fabſtituted for u, Cenſe8.” 29.) gives _ = SO 0. But (Con- 


5 e ſett. 34.) 
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c- cs ss cs—8 e —8s 


v. x 7 =— "I * or (dividing by cs) v* x = 
I} „ vv — is the Equation of this Ciſſeid 


Ge 36. 


1 
Of the Conchoid.. 


NYUPPOSE' two Right-lines CV, SZ interſecting each other 
at Right-angles in S, and from the Extremity C of the former, 
2 Number of Right-lines CM &c. be drawn on both Sides 
CV cutting 8 2 in 8, U, &c. Then 
if equal Extents be. laid upon all 
1 thoſe Lines drawn thus from the 
Point C on both Sides SZ, viz. 
VS=SX=MU=UN= &. 
the*Curve-lines (drawn through the 
Points V, M, &c. above, and through 
X, N, &c. below) are by their In- 
ventor Nicomedes called a Firſt and 
Second Conchoid, To both which 
C is the Center; 8 W the Aſymp- 
tote; V S=SX= MU SUN 
1 p their Radius; and CS —b their Diameter. Whence,, 
putting PS SQ YT TN &c —= a UW, we have 
PA CS PS=b+2, and CQ= CS—SQ=—b—a. Alſo, 
by Reaſon o the Gmilar Triangles UWM and CSU, we have 


UW:MU=CS: CU, ga pub; cu. 


22 


| 


S 
4 
* 
0 


The Conchoid. al 3 L 


In the Firft Conchaid therefore, we have CU + M U=— 


2? +p =p x 4 = CM. Whence, putting the Semiordinate 


PMs, we have I + PM =CM , or Ta 48 = 


Eb „or 8* = ba the Equation of the Curve. 
ConſeF. 37. : 


And in the Second Conchoid, we have CU -N U 5 


p CN. Whence, putting the Semiordinate QN == z, 
we have CQ þQN CN, or ba ＋ 2 = - x b—a , or 


— 


2 = PPD „de Equation of the Curve. Conſe. 38. 


-— 
Of the Logarithmic Curve. 


QUPPOSE a Right-line AZ be divided into any Number 
J of equal Parts (as A=BC= CDS &c.) and at the Points 
of Diviſion, a Series of Perpendiculars are raiſed in continued 
Proportion (that is AV: BL = BL: CMS CM: DNS & c.); 
the ſame continued Proportion between the Perpendiculars, being 
ſtill obſerved, when each of theſe equal Parts AB, BC, CD, &c. 
is divided into ever ſo many other equal Parts; then the Line 
drawn through the other Extremities V, L, M, N, &c. of all 
theſe Perpendiculars, will conſtitute what is called a Lagaritbmic 
Curve, whoſe Abſcifſ® AB, AC, AD, &c. are the Logarithms 
of their reſpective Ordinates BL, CM, DN, &c. And AZ &c. 
is an Alymptote. Conſe. 39. 

S 2 = ; . - - 
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Hence, if BL rx AV; then will C Mr! AV, DM 
=r'xAV, &. Whence univerſally (making A V equal to 
Die) HA C= AB we ſhall have CM=r x BL. Con- 


ſect. 40. 


Therefore this Curve is of the Sort, which we have called 

Variable; its Varieties being as infinite as the whole Numbers 

dy which the Exponent n may be expreſſed, 

im ſuppoſing the Letter n to be a Fraction; and a- 

gain in each of theſe the diff rent Ratios 

between the Abſciſſa and Semiordinate i is alſo 
infinite. Conſect. 41, 


: If we ſuppoſe the Curve to be ſuch, as has 
p AV equal to Unity, and AB, AC, AD, 
| &c. expreſſing the Logarithm of every Num- 
ber below Unity, beginning from A=o for 
the ithm o Unity; then draw VS parallel 
to AZ for the Axis of the convex Curve 5 
MN O, producing any of the foreg — 

dinates to the Axis. (for Example CM to P) 
—_— and put PM=s; whence CM=xr—s, 
whoſe known natural Logarithm is —$ — 4 $* —+ 8g) — 28“ —+ 
5s — 3 s — &c. = —AC=—VP=—y. The Ultimator 
therefore of WES TOE COR $* we $Þ oY ann 5% Owen gY 8 
&c. = Conſe. 42. 


* 


Under which 8 if it be required to draw a Tan- 
gent through the Point M, we have this Proportion (Sect VIII.) 
* the Ultimator s' of the Semiordinate MP is to the Ultimator 


= of the Abſciſſa VP, ſo is the Semiordinate 8= MP to the 


Subtangent rr. But from the fimilar Triangles PMT 


and C Mk, we hive MP: TP=CM:CK, ors: = 5 


1—8 : 1 the oppoſile Subtangent e. Thereſore C R in mis 
Curve muſt be an invariable Quantity, Conſecf. 43. 
2 


Next 


5 
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Next draw the Normal M R perpendicular to the n 


TMK. Then CK + CM or 2 —28 +88 =MK ; ; Whence 
MED. And CK:MK=MP:MR, 1 


2525 8 NN the Normal MR. Conſect᷑. 44. 


Therefore for finding the Length of the Arch VL M, as in 
all other Curves, ſay, As che Semiordinate MP = 85 is to the 


Normal M R = $ * s ſo is the Ultimator = of the 


Abſciſſa v p to the Ultimator ** => . of the Arch VLM. 
„ 
Then putting orm, the Ultimator of the ſaid Arch may be expreſ- 
fe 2882 
My 


= =cs multiplying the Series — + 


ECC=—$Ss 
—_— a 298* , 290957 , , 
2 ++ + B+ ES EE+ LD + ee 


Subject is c multiplying the Series «+ 2x +++ ge 
183 $5 


— 2002? 
4 Er. N + &c. equal to the Length of the 
Arch VLM. 2 45. 


540. 
To find the Area VLMPV, for the Ultimator s de (Sect. 


IX. Theo. 52.) We have 5 X- 4 - =88 +s* „ + 87 8 +88 


+ $3 3 + &c. whoſe Subject * Lg) ＋ 281 +2 * * $6 
+ &c. is equal to the faid Area. bn 46. y 


a 


Whence, the Learner may perceive how te proceed with this 
Curve, as with tue Hyperbola and Ciſſoid in u. laſt Section; 
obſerving that A 15 is a fixed Quantit y- 


2 
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XI. 
Of | Spirals in general. 


E che Surface of the Paper here be confidered as a Plane 
of an indefinite Extent, u which C is aſſumed as a fixed 
Center, and around that indefinite the Radius C T is conceived to 
e be continually moved in the Direc- 

| tion from A to B, D, E, N, A, B, 


= 9 D, &c. with a Velocity conſtantly 
9 we fame; ſuppoſing that at the ſame 
| Time, when CT begins that Mo- 
tion, a moveable Point V coincident 
at firſt with the Center, C begins to 
proceed with .another different uni- 
form Velocity along the ſame move- 
able Radius CT, in ſuch Sort, that 
when CT -coincides with C B, the 
Point V is in F, when CT coincides 
Kk with CD, the Point V is in G, when 

| C T coincides with CE, the Point 
Vis in II; and fo on till V paſſes 
through M, O, A, I, K, &c. Then 

the Curve CFGHMOAIK&c. 
which is thus formed, is called a 
Spiral. To which every Circle de- 
ſcribed upon the fame Plane on the 
Center C may be faid to be Termi- 
nant, with this Diſtinction; that every 

ſuch Circle, as A B D E A here 
(which paſſes through the Point V, 

when the moveable or generating Ra- 
” 2 dius C T has come to its firſt Po- 
= fition, or made an entire Revolution) 
is called Conterminant, and every other terminant Circle, Diſter- 
minant. And with reſpe&t to the Number of entire — 
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thus made by the generating Radius, the whole Spiral is faid 
to be Fir/t, Second, Third, &c. 

In all Spirals therefore, if we pat c always for the Number 
of the Revolutions, and r = the Radius of any conterminant Cir- 
cle, whoſe Circumference is q, we ſhall have c q@ equa! to the 
Circumference of every other conterminant Circle, Whence, if 
r be the Radius which bounds the firſt Spiral, as A C here; the 
Circumference of the firſt Conterminant will be cq = q, of the 
ſecond c q = 2 q, of the third cq=3q, &c. And the whole 
Spiral included, will be the Fit, Second, Third, &c. according- 
ly. And in every Diſterminant Circle, the Letter c muſt be a 
mixed Number or Fraction. TEOREM IV. p 


If we put AC==r, the common Radius of any terminant Circle with: 
its included Spiral, and N A—u an Arch of that Circle bounded by 
the Radius N Cr, whoſe correſpondent Spiral Radius is MC x, 
and s = the Right Sine of tuat Arch: Then becauſe r: =y: 


2. we have MP=2 for the Correſpondent Ordinate of the 
Spiral; and for the ſame Reaſon yxrr—ss*— CP. But from 
the Menſuration of the Arch of a Circle, we have s =u — 


. u* -- 1143 WO I" "00 
2507 2X 3XAX FIT?  2x3x4x5x0x7r* + *. Therefore Nr al 


2 = iplyi 1 — . uv” | 1 u? 1 . 
4A 1 
r 


In every terminant Spiral therefore, when u is equal to EA 
the Quadrant (5 of the Circle, then the Ordinate - and the 


Spiral Radius HC—y are the fame, becauſe in that Caſe sr. 
And when the Circle and Spiral are conterminant we have al- 
ways four ſuch ; viz. ſirſt A OM H, whoſe greateſt Spiral Radius 
is AC and leaſt HC; /econdly, HG whoſe greateſt Spiral Ra- 
dius is HC and leaſt CG; thirdy, G F, whoſe greateſt Spiral 
Radius is CG and leaſt CF; fourthly, FC, whole greateſt Spiral 
Radius is CF and the leaſt is equal to nothing in the firſt Spiral, 


Or 
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or to the greateſt Radius of the firſt Spiral in the ſecond, of the 
ſecond in the third, of the third in the fourth, &c. Turo. 


REM VI. 


Imagine the two Radi NC and QC to be nfaicely near 
one another, and through the Point M where the former cuts 


the Spiral deſcribe the circular Arch M L parallel to the termi- 


nate Circle, which makes the Triangle M L O right angled at L 
whence we have NA and OL=y*, and NC: MC NQ: ML, 


or r: y = —=u*: 7 2 M * Conſequently, by the common Prin- 
ciples of Geometry, the Area of the Triangle M O C is equal to 
10 CM L=— 2 the — Gs TEORENE, 


Tazortm VII. 
oy Suppoſe RM a Tangent to | the Point M in the Curve, whoſe 
Subtangent R C is ndicular to the Spiral Radius MC y 
in the Center C. I rue RC=d, ** RM p, 


we have RM = RC +MC, or p N THeokEM M 


Hence the two Triangles RCM and ML o are ſimilar. For 
under this Su tion, the Curvilineal Particle MO muſt coin- 
cide with the Tangent RM produced, and the circular Arch 
ML muſt be parallel to the —_— RC. Conſequently, 


OL:ML=MC:RC, „ : A= r RC 
d the Subtangent. TuxokzN IX. 8 


Hence laſtly, R C : RM = ML: M o, . * 
LE; * the Ultimator of the w_ Arch NM OA. Tuxo- 
1 


This laſt Theorem is the ſame with what is commonly uſed 
for determining the Lengths of all Spiral Lines; but ſcarce any 
Dependence is to be placed upon it: For all the particular Ex- 
amples, which I have ſeen drawn from it, ſeem only 9 Le 

nſtances 
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Inſtances of the exceeding Vanity of ſome Perſons, who appear re- 
ſolved always to ſet down ſomething, rather than once appear 
ignorant in any Thing. Of which ſee more in the Concluſion. 


— 


XII. 
Of the Dire? Spiral. 


T HE Direct Spiral, or (as it is otherwiſe called from its 
great Inventor Archimedes) the Archimedean Spiral, is, 
when in its Deſcription the Point V moves always the fame 
Part of the Radius AC r, which the Point A does of the 
whole Revolution c . That is (putting a -u, whence a 
-u) y: ra: q. Conſequently in this Spiral we have ya 


r- —, =, and ea N cn 47 


Hence in the firſt Spiral (c=1), when u=1q, we have HC | 
* r- lr; when 140 we have G C =y=! 


97 when u + < we have CF =y=754q Conſe, 43. 
Then for the Spiral Area MCA M (Theo, 7.) for DS or 
FE ( = — ) we have ML ; its Ultimator, whoſe Subject 


4 gives the . of the Area MCAM. Confequent! * 
r 


when y is the ſame with by the Whole is — to A * +. 


c*q*—2cqu+u* for yur —_ 
_ccqq 


2 2 Whoſe Subject + 1 — # —— gives 
2CCqq 2cq occqq 

che Area M CAM ſelf, Which when u equals q las it can 

never be equal to more for the Area within the ſame Circle) gives 


* r 


Otherwiſe, fince y y = Tr 3 


738 The Direct Spiral. 
19, Wezel for the Area of the whole Spiral Space AMEIG 


* 3 
FCA. So that the firſt Spiral Arca is * the ſecond = 
Tz | the third In, the fourth 245 the fiſth. Þ 275 Ke. 


Where r and q are always the Radius and. Circumference of the 
greateſt Circle. Conſect. 45. 


Again, becauſe y* = cq _— a wy „and uv? = — 
WP therefore (Theo. 9.) for — or — we have = 2 _ Wy 


. the Subtangent RC. CunſeS. 50. 


| Whence, the Subtangent at the Point A we a c q, and 
y=r) will always equal q. And (Conte. . 48.) if c=1, 
the Subtangent at H (HC =y Ar, bea, the Sub- 
tangent at G (GCS y S rr, a =) is : q Subtangent 
at FF CY = A = n. Cinſeet. 5 


Laſtly; i in the firſt Spiral, when c = 1, we have RC=4d 


(ConſeR. 50.) = hn all and y =T x ID whence (Th, 


8.) RM=a p . FGG T. * (Theo. 10.) 


for * we have N or (putting 1 r *+ 


q*) ExiaquFan* _—_—— + OST 0. 0. + 
245 r 3 —.—129 — 


u? uꝰ e 5 41 = | us ue 
+ &c. Whoſe Subject therefore, when u becomes equal to q. 


* ee 
will be 1=+q'+4r*q*+5r*q*+ A 


pane: "IE + &c. for the Length of the whole 
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farſt Spiral. Conſect᷑. 52 


Otherwiſe 
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, 

Otherwiſe, becauſe RM=RC +MC, =P, 
and 4. therefore in the nnn. ee 


have pas or (by making c=1) r = — 4 


1 — + =. Aa -” A 
204 8qa* 18 ber 256qa? Fr took But 


the Subject of the ſecond Term — oy (0. VII. Theo. 20, * )is o, 

2 — of th what tak denn 2 * * + 
3 ON And, 

2 FT tak bt e. 

if for a we put its Complement to the Circle, whence 25 be⸗ 


3 ab 
comes * — the Series + a+ +5 


+ 7 + ter. we have the Subject —= at = x ++ C 
750 ＋ &. — bs ta, eue 


— 
I 

this, when a equals q. we have 1 q 2 I + 751 

. 21 * 

—2 780 * Fro — Ke. added to . times the Series i+ 


= 

+ ++i++i+++ &c. for the Length of the Whole. But whe- 
ther 4 J leave to thoſe, who are at Leiſure to try, 
However all the Methods I have elſewhere ſeen for — 
the ſame I am ſure are falſe. 


T 2 „ 


Of the Reciprocal Spiral. 


XIII. 
Of the Reciprocal Spiral. 
Fi in the Deſcription of the Spiral, the fpiral Radius MC=x 


| | has always the fame Proportion to its correſponding conterminant 
circular Radius NC=r, which the whole Revolution cq to A has to 


eq NA or qu; men! is the Spiral faid to be Reciprocal. 


Hence we have y == 5 ed >>, 1 = — ami 
* . qq 

 —cqry* 
. Conſedct. 

e ye. 83. 

Therefore, for zr (Theo. 7.) we have — — multi- 

Fs 

: bu 5 . 
plying the Series Ke 2 —= S * = +&c. the Sub- 

„„ @ © 

u u 


jet of which f is — multiplying the Series += — 
* eq <a 
9. 4 


—— 5 AY Bat the laſt Series i equal to 8 .. There- 
Ty cq eq u 


fore every ſuch ſpiral Area MacM is equal to = „When ; 


therefore u is the fame with q, as it can never be more tor the included 
Area; the whole conterminant Spiral Area AOMHGFCA, whatever 


to Ix— Ir. That is, the firſt ſpiral Space is 2, the 


" "8 2 © 
ſecond 3, the third 2, &c. the Area of its conterminant Circle. Conſ. 54. 


Here alſo for 2 (Theo. 9. ) we have always q d RC the 
$ubtangent. 22 58. 


Laſtly, 
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Laſtly, for the Length of the ſpiral Arch, in the furſt Spiral, in- 


ſtead of =— pe. n. 10.) we have > 1 Aer or (put- 
qu 
ting qu n, and Eu. r! — 9 multiplying the Series 


. OY RY - = 


TO BM TT 87 b e 1 
for its * whoſe Subject is - — + 
"laws — + — 1333 &c, falſe. The Leerner there- 


89a“ N. e 
fore may try the n under u at his Leiſure. If he proceed 


with lol the Ultimator 1s ” Ady = T4 — a 21 5 


erer. 1 
rang? 2554 — &c. whoſe Subject is +4 7207 + 
1 1 | Mo i 
obq* T0240 — N &cc. again falſe. 1 can I ſee how 
they mend the Matter, who (contrary to all their own Rules of 
Fluxions do here make q to be Subject of W. For ſtill it is only 


what is above q, which muſt determine FF Length of the ſpiral 
Arch correſpondent to the circular Archu : Unlets we can be ſo 
abſurd' as to imagine that eyery ſmalleſt ſpiral Arch is greater than 
the Circumference q of the whole. conterminant Circle. 


=_ 
Of the Parabolic, &c. Spirals. 


W H EN the Spiral is ſo generated, that the complemental 
Arch NA— u of the conterminant Circle, and the com- 
. plemental Spiral Radius NM=r—y are always to each other 

a the Abſciſſa and Semiordinate of a common Parabola, WH 


Parameter is b; that is, when we always have bu — —7 5 
then the * is faid to be Parabolic. * 56. TY 
Vw e, 
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Whence, becauſe y = r—bu*, and u , thers- 


»yy0 * 1 


"Wk W. 7.) for = we have fr u' — b*u* uw? + EIT” 


4 =? Bs L, of which the former schien f ru — bi 


of + ru. 8 gives the Area MCAM, and che latter — . _ 
the — value of the Area M HGF CM. Conſe. 57. 


If cherefore we put = = the Circumference of the conter- 
minant Circle, whoſe Radius is r, whence b=— and b as, 


- | 
then, when u becomes equal to q, and conſequently y equal to 


r, from the former we have + 19— 1 : b"q* Ti » - 4% and from 


KL. as nenn 
conterminant Circle for the whole Spiral Area. Conſe#. 58. 


The Method of drawing a Tangent to this Curve, as a Curve 
of contrary Flexion has been already ſhewn in the eighth Section. 


And the ſame may be done from the Hiperbola, Ciſſoid, Con- 
choid, or any other Aufugient Curve, ad infinitum. 


© 
ff the  Logarithmic Spiral 


HEN the Spiral is ſo ger — foiral Ra- 
dius C F, CG. CH, at equal * from each other, 
are theaye in direct Proportion (i. e. CF: CG CG: CH); 
or Which is the ſame, When every ſpiral Radius MC=—y has 
its reſpective Arch ABDEN=a for its reſpective Logarithm ; then is 
* * ſaid to be 3 Conſect. 59. 

n 
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In this Cuevc put q equal to the Circumference of the Circle, 
whoſe Radius is AC r; then, becauſe MC y, and AC==r 
are in continued Proportion, make ry (the Exponent n from 


the Nature of Logarithms being infinite); whence q . . But it 


has been ſhewn (Sect. VII. Theo. 26.) that the Une of 
the Logarithms of all Powers of the ſame Number, 
as y and y", are to one another as the Exponents of thoſe 
Powers,. or as 1 to n. Since therefore in this Caſe a“ is the Ul- 
timator of a the Logarithm of y, we have 1:n—a*;na* the 
Ultimator of the Logarithm of y" or r ; which (becauſe | it is here 


the — * or N the Circumference of the contermi- 


nant Circle) gives na W.. Whence a — OA and a =v—1 


, — * 


ya=1 y ». But n is infinite, and conſequently as ſuch can * 
no . to any finite Quantity, therefore by ſubſtituting r for 


its equal y* we have a*—u =D, Conſe, 60. 


Whence, for 2 (Theo. 7.) we have N whoſe Subject 2 
equals the ſpiral Area. So that when y equals r the whole Area 
ANHGFCA is L, or half the Area of the conterminant Circle. 
Conſect. 61. * 


Alſo, for Ye. (Theo. 9.) we have N RC d the Sub- 
| tangent to the Point M. Conſe#, 62. | 


And, if it might be depended upon. for N. (Theo. 10, ve 


u T7 E, whoſe Subject e is the Length of 
the ſpiral Arch 'MHGF E. Contarpently, we y equals r, the 


Length of the Whole is de Tre". Which, fince it is more 
— q the Circumference of * conterminant Circle, can only be wn- 
derſtood of an infinite Circumvolution about the e. Conſect᷑. 63. 


The 


= The Concluſion, 


—_ : 2» — _—_—_ 
5 — 


The Concluſion, 


ND 1 I conceive I have given a ſufficient Number of 
I Examples to prepare the Learner for his further Progreſs in 
this Branch of Learning ; which, as it is wholly converſant about 


Quantity, muſt be as infinite as Quantity i is in itſelf. 


But let it be obſerved once for all, chat the Direct Method of 
Vltimators is that only, which, ſtrictly ſpeaking, can be always ad- 
mitted as Demonſtrative. And the Inverſe Method can hardly be 

allowed, as ſuch, any further in the Doctrine of Curves than what 
relates to Vertical Curves alone, as founded upon the firſt fix Sections. 


To ſhew the Imperfection of the Inverſe Method (beſide what ap- . 
above in the RAtification of ſpiral Arches) I need only inſtance 


in the 54th Conſectary, where the Area of the Reciprocal Spiral is 
found equal to N . If this had been ſought by y inſtead of 


u; ; then (becauſe u*= LY for 2 = ve ſhou'd have had W, 


and conſequently => —= x © muſt have VER for the Area of the Whole: 


a Thing impoſſible 3 in itſelf, as making in the firſt Spiral, the Area 
equal to that of the conterminant Circle; a Part equal to the Whole. 


When all therefore is done, notwithſtanding every Pretenſion to 
the contrary, the demonſtrative Meenſuration at leaſt of ſpiral Lines and 


Surfaces muſt ſtill be left among the Number of Mathem: ical : 
* 


A Cubes, Series of. Tm 9 
Bſciſſa, 4 5o Cubic Equation. 1 
Abſolute Number. 37 Curve-lines. 50, 113 
Algebraic Curve. 114 Cycloid. 54, 96 
Ambient Solids. 80 : 
Arch circular. E > Wo W D. 
Archimedean Spiral. 137 Difference algebraic. 1 
Area Plane of a Curve. 71 —— its Ultimator. 41. 
Arithmetic of Infiqities. 69 Differential. 35, 49 
Aſymptotes of a Curve. 101, 119 Diocles's Ciffoid. 100, 128 
Aſymptotical Area. 100, 104 Direct Method. 40 
Aſymptotical Solid. 101, 106 Direct Spiral. 137 
Aſymptotical Curve Surface. 108 Diviſion algebraic. 1,» 5 
Aufugient Curve. 115 Diviſions of an Arch. 22 
Axis of a Curve. — E. 
B. Ellipſs. 86, 120 
Binomial. 8 Equation, its Ultimator. 35 
Bipertite 3 ä 115 _ Eq 63 
Biquadratic Equation. 5 xplica uation. 
by 8 * Exponential, its Ultimator. 75 
Chord. 22 F. 
Circle's Circumference. 34 Family of Curves. 114 
Circle, the Ultimate of all other Fixed Quantities. | 39 
verticle Curves. 54 56 . 
Ciſſoid. 1᷑00, 128 35 49 | 
Compoſitions of Equations. 118 
Compoſition of Powers. 2D 
Concave Solid. 
Cone, 89, 104, 1438, 122 
Conjugate Diameter, 
Conſtant Curve. I. — 
| | 30, 31» 4%» 71 
* Infinite 


_ n. 


2 — _ „„ tt... _ — 
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Infinite fimals. 
Inflexion. 
Invariable Quantities. 


Inverſe Method, its uncertainty. 


Involute. 


| Irrationals, their Ultimators. 


L- 


Latus Rectum. 


Logarithmic Curve, 


Line, Geometrical. 


Parabola. 


Parabolic Spiral. 


Parameter. 5 
Peculiar Unit. Aae 


Las 


Piriformis. 


Plane Curve Area. VE 0 


Point Geometrical. 


Point of c 
Poſitive Power. 
Powers. 
Prod * its Ultimator, 


Q 
Quadratic Equation. 


-Quadripartite Curve. 


Quotient, its Ultimator. 


E 


118 .Right-line. 
Roots. 


44 Dan Peculiar. 


R. 

69 Reciprocal Spiral. 
Reciprocation of Powers. 
39 Reduction to an Ultimum, 39 
49 Removes. 6 
Reſolution of Powers. 8 
2 eſolutum. 12 
Retrogreſſion of Curxes. 57 
Revertent Curve. 


43 Verticle Curve. 
Ultimate of an Equation. 


Ultimator. 


35 — 2d, 3d, &c. 


y D. 


